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Abstract— The total variation (TV) regularization has been
widely used in various applications related to hyperspectral (HS)
signal and image processing due to its potential in modeling
the underlying smoothness of HS data. However, most existing
TV norms usually tend to generate spatial oversmoothing or
artifacts. To this end, we propose a novel l 0 -l 1 hybrid TV
(l 0 -l 1 HTV) regularization with the applications to HS mixed
noise removal and compressed sensing (CS). More specifically,
l 0 -l 1 HTV can be regarded as a globally and locally integrated
TV regularizer, where the l 0 gradient constraint is incorporate
into the l 1 spatial–spectral TV (l 1 -SSTV). l 1 -SSTV is capable of
exploiting the local structure information across both spatial and
spectral domains, while the l 0 gradient can promote a globally
spectral–spatial smoothness by directly controlling the number
of nonzero gradients of HS images. This efficient combination
considers more comprehensive prior knowledge of HS images,
yielding sharper edge preservation and resolving the above drawbacks of existing pure TV norms. More significantly, l 0 -l 1 HTV
can be easily injected into HS-related processing models, and
an effective algorithm based on the alternating direction method
of multipliers (ADMM) is developed to solve the optimization
problems. Extensive experiments conducted on several HS data
sets substantiate the superiority and effectiveness of the proposed
method in comparison with many state-of-the-art methods.
Index Terms— l 0 -l 1 hybrid total variation (l 0 -l 1 HTV), l 0 gradient, l 1 spatial–spectral TV (l 1 SSTV), alternating direction method
of multipliers (ADMM), compressed sensing (CS), hyperspectral
image (HSI) denoising.
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I. I NTRODUCTION
YPERSPECTRAL (HS) imagery acquires hundreds of
spectral bands ranging from ultraviolet to infrared wavelength for the same scene on the Earth surface. Compared
with other traditional imagery techniques, hyperspectral image
(HSI) provides more abundant spatial and spectral information
and, thus, has its wide range of applications in agriculture,
military, environment monitoring, and food industry [1]–[3].
However, due to various factors of the imaging system and
environment, the observed HSIs are unavoidably degraded
by noises in real-world scenes. Moreover, in some highresolution or long-distance transmission HS imaging systems,
the increasing amount of 3-D HS data causes the high cost
of imaging, storage, or transmission. HSI compressed sensing
(CS) is designed to reduce the computation of imaging, and
the final recovered HSI images are estimated from a few
measurements. As essential preprocessing steps, these HSI
restorations have direct influence on the performances of
further HSI image processing including classification [4]–[6],
unmixing [7], [8], super-resolution [9], [10], feature learning
[11], [12], and target detection [13]–[15]. Therefore, it is
critical to design effective techniques for HSI restoration.
In general, the optimization problem of HSI restoration
methods consists of data fidelity and regularization terms. The
former term is derived from a forward model of the object
observation. The regularization term can be interpreted as the
prior information from underlying properties on recovered HS
images. One of the prevalent regularization techniques for
image restoration is based on total variation (TV). The TV
regularization was introduced to remove noise and preserve
image edges for natural image denoising [16]–[18] and CS
reconstruction [19]–[21]. Yuan et al. [22] explored local spatial
prior and developed a spectral–spatial adaptive TV (SSAHTV)
model for HSI denoising. However, SSAHTV just reduces
the Gaussian noise and loses useful image detail information.
Li et al. [23] minimized the TV of the abundance fractions
subject for HSI CS and unmixing. Eason and Andrews [24]
proposed an iterative TV method for HSI CS. However, these
TV norms strongly enhance spatial piecewise smoothness,
which ignores HSI spectral correlation and leads to spatial
oversmoothing.
To overcome the drawbacks of the above TV norms, the
spectral correlation of 3-D HSIs is taken into account, and
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many new TV norms are proposed. Ono et al. [25] proposed an
arranged structure tensor total variation (ASTV) for multichannel image restoration. However, this regularization based on
the singular value decomposition of the low-rank (LR) matrix
spends much computational time. Chang et al. [26] proposed
an anisotropic spectral–spatial total variation (ASSTV) regularization to promote the smoothness across both the spectral
and spatial differences. Unfortunately, ASSTV causes spectral
smoothing due to its strong suppression of direct spectral
difference. Aggarwal and Majumdar [27] combined 2-D TV
along the spatial dimension and 1-D TV along the spectral dimension and proposed a spatiospectral total variation
(SSTV) model. Although SSTV can remove several types of
noises, it produces obvious artifacts in the final recovered HSI
images. Takeyama et al. [28] proposed a hybrid spatiospectral
total variation (HSSTV), which is designed to fuse two kinds
of local differences with a balancing weight. Specifically,
HSSTV1 and HSSTV2 utilize local l1 spatial norm and
l2 spatial norm, respectively. However, the authors need to
analyze and determine an extra parameter and, unfortunately,
lose the consideration of HSI global spectral information.
By taking advantage of another HSI prior, i.e., LR, TV
regularization is merged with LR models. LR representation
reveals that the spectral bands of HSI lie in the same LR space
and the HSI data can be represented by a linear combination
of finite endmembers. Zhang et al. [29] rearranged a 3-D
HSI data as a 2-D matrix and proposed an LR matrix
approximation (LRMR) method. Subsequently, He et al.
[30] proposed a band-by-band TV regularized LR matrix
factorization (LRTV) method, and Wu et al. [31] fused the
band-by-band TV regularization into the weighted nuclear
norm minimization (WNMM). Golbabaee and Vandergheynst
[32] proposed a convex function that penalizes both the
trace norm and the band-by-band TV norm of the LR
HSI matrix for HSI CS. However, this band-by-band TV
regularization handles each HSI band separately and, thus,
yields unsatisfying spectral distortions. Wu et al. [33]
incorporated the structure tensor total variation (STV) into
the above WNNM to proposed an STWNNM model. To
exploit spatiospectral total variation (SSTV), Wang et al. [34]
proposed a novel LR constraint and SSTV regularization
model, and Wang et al. [35] integrated this kind of SSTV into
multidirectional LR frameworks. Chen et al. [36] proposed a
weighted group sparsity regularized l2,1 norm to exploit the
shared sparse pattern of the difference image for different
bands and combined this regularization into the well-known
LR Tucker decomposition. By using a 3-D anisotropic total
variation (3DATV), He et al. [37] combined it with the local
LR matrix and proposed an LLRSSTV method for HSI
mixed noise removal. Wang et al. [38] merged this 3DATV
into an LR tensor Tucker decomposition model. Peng et al.
[39] calculated the sparsity on the subspace of gradient maps
and proposed an enhanced 3-D total variation (E-3DTV)
regularization for HSI denoising and CS. Wang et al. [40]
propose a novel tensor-based approach named JTenRe3-DTV
for HSI CS, by jointing the tensor Tucker decomposition and
3DTV. Nevertheless, all the above TVs lean upon l1 -norms

and penalize large image gradient magnitudes. In real cases,
HSI edges can be adversely affected.
To effectively sharpen image edges, Li et al. [41]
first proposed a new l0 gradient minimization for natural
image smoothing. This minimization globally controlling how
many nonzero gradients of results to recover prominent
structure have been used in image denoising [41], image
deblurring [42], and image inpainting [43]. Xu et al. [42]
proposed an effective method based on a generalized l0 sparse
expression for motion deblurring. Xue et al. [43] extended the
above l0 gradient into a low gradient and converted this regularization into an LR framework. Wang et al. [44] developed
the l0 gradient to explore smoothness across both the spatial
and spectral domains and combined it with the LR tensor
Tucker decomposition model. Xiong et al. [45] embedded
the l0 gradient regularization into an LR tensor factorization.
However, these LR-based methods are computationally expensive since they require singular value decomposition. Utilizing
either spatial smoothness or spatial–spectral smoothness will
inevitably cause oversmoothing or artifacts, respectively.
To consider more prior HSI structure information and introduce less computational burden, we combine spatial–spectral
TV and l0 gradient regularization. The aforementioned l0
gradient has a fatal flaw: a user-give parameter penalizing
the degree of smoothness has no physical meaning. Therefore,
Ono [46] proposed a novel l0 gradient projection employing
a parameter with a clear meaning: the l0 gradient value of
the output image to control the degree of smoothness. This
l0 gradient projection variant, l0 HS TV (l0 hTV), is extended
for HSI restoration and is effective for extracting image edges
information. However, it is difficult for l0 HS TV to distinguish
outliers, such as sparse noise, when these outliers locate on
HSI image edges. Based on the abovementioned discussion,
we proposed a l0 -l1 Hybrid Total Variation (l0 -l1 HTV) technique for HSI mixed noise removal and compressed sensing.
Compared with existing techniques, the main contributions of
this study are summarized as follows.
1) We extend the l0 gradient minimization into HSI restoration, named l0 hTV, for directly controlling the number
of nonzero image gradients and establishing a physical
relationship with the l0 gradient value of the recovered
result. l0 hTV characterizes the global spectral–spatial
smoothness to complement image details, such as sharp
edges and valuable texture.
2) To take full consideration of the local spatial–spectral
structure and the global spectral–spatial information of
HSI, we design a globally and locally integrated TV
regularizer, where l0 hTV is added on SSTV. SSTV
captures the local information across spatial and spectral
domains to recover the overall structure of HSIs. This
TV regularizer compensates mutually to conquer the
shortcomings of artifacts or oversmoothing.
3) We integrate SSTV and l0 hTV of HSI into a consolidated
framework of l0 -l1 HTV, which can be formulated for
two HSI tasks: HSI noise removal and compressed sensing. The Alternating Direction Method of Multipliers
(ADMM) is adapted to solve the optimization problems.
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Experimental results with both simulated and real data
demonstrate the superiority of l0 -l1 HTV. In particular,
the classification accuracy of the results by l0 -l1 HTV is
improved significantly.
The remainder of this article is organized as follows.
Some notations and preliminaries of tensors are introduced
in Section II. Section III presents the study of l0 gradient
minimization and the new l0 -l1 HTV. Then, Sections IV and V
provide HSI denoising and compressed sensing models by
involving the l0 -l1 HTV regularization, respectively. The experimental results and analysis are reported in Section VI. Finally,
the conclusions are drawn in Section VII.

→

order, and the original index sets i have i that corresponds
to it one by one.
For the following problem:
||y∗ − y||2 s.t. ||Wy∗ ||θ1,0 ≤ γ
min
∗
y

one of the optimal solutions is given by
⎧
y,
||Wy||θ1,0 ≤ γ
⎪
⎪
⎨
y∗ =


⎪
⎪
⎩ ỹT , . . . , ỹT T + (I − W)y, ||Wy||θ > γ
−
−
θ→
θ→
1,0
n

||y||θ1,0 = ||(||yθ1 ||1 , . . . , ||yθi ||1 , . . . , ||yθn ||1 )||0

(1)

where yθi denotes a subvector of y with its entries specified
by θi .
Definition 2 (Indicator Function I (y) of l1,0 Mixed
Pseudonorm [46]):
⎧
θ
⎪
⎨ 0, ||By||1,0 ≤ γ
I||B·||θ1,0 (y) =
(2)
⎪
⎩
∞, otherwise
where B is a given operator. In this article, B is a diagonal
tensor with 0 or 1 entries.
Proposition 1 (Projection Onto l1,0 Mixed Pseudonorm Ball
With Binary Mask [46]): Set y ∈ Rm as a known vector and set
γ as a nonnegative integer. Let W be a known diagonal binary
matrix, and let θ1 , . . . , θi , . . . , θn (1 ≤ n ≤ m) be index sets
satisfying the conditions from definition 1. Without loss of
generality, Wy = (yTθ1 , . . . , yTθn )T are assumed. yθ1 , . . . , yθn are
sorted in descending order according to ||yθ→ ||2 > ||yθ→ ||2 >
1
2
· · · > ||yθ→ ||2 , where yθ→ , . . . , yθ→ are obtained with the new
n

1

n

(3)

(4)

1

where

⎧ T
⎨
⎨ yθi ,

II. N OTATIONS AND P RELIMINARIES
In this article, scalars, vectors, matrices, and tensors
are denoted by lowercase letters, e.g., x, boldface lowercase letters, e.g., x, boldface capital letters, e.g., X, and
Euler script letters, e.g., X , respectively. For a three-way
HSI tensor X ∈ Rh×v×z , we denote its (h i , v i , z i )-element
as Xh i ,vi ,zi and use notation X (i, :, :), X (:, i, :) and
X (:, :, i ) to represent the i th horizontal, lateral, and frontal
slices,
respectively. The l1 -norm is calculated as ||X ||1 =

,v i ,z i |, and the Frobenius norm is written as
h i ,v i ,z i |Xh i
||X || F = ( h i ,v
|Xh i ,vi ,zi |2 )1/2 . The l1 -norm of a vector
i ,z i

denotes
||x||1 = i |xi |, and the l2 -norm of a vector is ||x||2 =

( i |xi |2 )1/2 . A matrix X ∈ Rm×n can be vectorized as
x = vec(X) ∈ Rt , where t = m ∗ n and vec(X) stacks the
columns of X.
Definition 1 (Mixed l1,0 Pseudonorm [46]): Let y be a vector
of Rm , and index sets θ1 , . . . , θi , . . . , θn (1 ≤ n ≤ m) satisfy
as follows.
1) Each θi is a subset of 1,…,m.
2) θi ∩ θl = ∅ for any i = l.
3) ∪ni=1 θi = 1, . . . , m.
The mixed l1,0 pseudonorm of y is defined as follows:

3

=

ỹTθ→
−
i

if i ∈ {1, . . . , γ }
(5)

⎨
⎩

if i ∈ {γ + 1, . . . , n} .

0,

Definition 3 (Mode-k1, k2 Unfolding of a Tensor [47]): For
a m-way tensor X ∈ Rn 1 ×n 2 ×,...,×n m , this operator is denoted
by X(k1 ,k2 ) ∈ Rn k1 ×k2 × i=k1 ,k2 n i , whose frontal slices are the
lexicographic ordering of the mode-k1, k2 slice of X .
III. l0 -l1 H YBRID T OTAL VARIATION
A. l0 Hyperspectral TV
Xu et al. [42] first proposed the l0 gradient model to preserve natural image edges. For a natural 2-D image X ∈ Rm×n ,
the l0 Gradient is defined as follows [42]:
m∗n

l0 TV(X) =

C(||vec(Dh X)||1 + ||vec(Dv X)||1 )
m

n

i

j

=

C(|Xi+1, j − Xi, j | + |Xi, j +1 − Xi, j |) (6)

where Dh and Dv are linear difference operators along image
horizontal and vertical directions. C(X) is a binary function counting the number of nonzero image gradients and
C(Xi, j ) = 1, if Xi, j = 0; C(X
i, j ) = 0, otherwise.
z
l0 TV(X k ) can be a bandFor an HSI X ∈ Rh×v×z , k=1
by-band model by the simplest way to extend. Although the
spatial smoothness of each HSI band is utilized separately, HSI
spectral correlation is neglected. Simultaneously, different HSI
bands are acquired from the same scene, and the spatial information of all spectral bands should be fused and formulated.
l0 hTV is defined as follows:
h

v

i

j

l0 hTV(X ) =

C
z

(|Xi+1, j,k −Xi, j,k | + |Xi, j +1,k − Xi, j,k |)
k

(7)
where boundary values of gradients are written as Xi, j +1,k −
Xi, j,k = 0, if j = v, and Xi+1, j,k − Xi, j,k = 0, if i = h.
l0 hTV(X ), actually counting the nonzero gradients in the
spatial dimension with the assistance of all spectral bands,
greatly benefits for capturing the spatial edges of the HSI.
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Illustration of the proposed l0 -l1 hybrid total variation regularization.

⎤
X212 − X112 X222 − X122 X232 − X132
(B DX )(:, :, 2, 2) = ⎣X312 − X212 X322 − X222 X332 − X232 ⎦.
0
0
0
(14)
⎡

For the mixed l1,0 pseudonorm defined by Definition 1,
another formulation is adopted to express l0 hTV as follows:
l0 hTV(X ) = ||B DX ||θ1,0

(8)

where operator D is an operator to fuse the differences along
the horizontal and vertical directions into one tensor. Operator
B is an operator that forces boundary values of gradients to
be zero when i = h and j = v. A simple example is given
as follows. Dh X and Dv X denote the difference along image
horizontal and vertical directions, respectively. Dh X and Dv X
are stored into one tensor DX , i.e., DX (:, :, 1, :) = Dh X
and DX (:, :, 2, :) = Dv X . The boundary values of B DX (:, :,
1, 1), B DX (:, :, 1, 2), and B DX (:, :, 2, 1), B D X (:, :, 2, 2)
are set as 0 when i = h =3 and j = v = 3, respectively.
Example 1: A tensor X ∈ R3×3×2 and its B DX ∈ R3×3×2×2
can be expressed as follows:
⎤
⎡
X111 X121 X131
(9)
X (:, :, 1) = ⎣ X211 X221 X231 ⎦
X311 X321 X331
⎤
⎡
X112 X122 X132
(10)
X (:, :, 2) = ⎣ X212 X222 X232 ⎦
X312 X322 X332
⎤
⎡
X121 − X111 X131 − X121 0
(11)
(B DX )(:, :, 1, 1) = ⎣ X221 − X211 X231 − X221 0 ⎦
X321 − X311 X331 − X321 0
⎡
⎤
X122 − X112 X132 − X122 0
(B DX )(:, :, 1, 2) = ⎣ X222 − X212 X232 − X222 0 ⎦
(12)
X322 − X312 X332 − X322 0
⎤
⎡
X211 − X111 X221 − X121 X231 − X131
(B DX )(:, :, 2, 1) = ⎣X311 − X211 X321 − X221 X331 − X231 ⎦
0
0
0
(13)

With Definition 1, here, n = 9, and each yθi is determined
by mode-1,2 unfolding (B DX )(1,2) ∈ R9×2×2 , for example,
yθ1 = [X121 − X111 , X122 − X112 , X211 − X111 , X212 − X112 ]T .
It is easily proven that l0 hTV(X ) and ||B DX ||θ1,0 are mathematically equivalent.
B. l0 -l1 Hybrid Total Variation Regularization
Fig. 1 represents the visual illustration of the l0 -l1 HTV
regularization. As shown at the top of Fig. 1, the global spatial
smoothness of all spectral bands is restrained by l0 hTV(X ) =
||B DX ||θ1,0 , where γ denotes the l0 gradient value of the
output image. As the number of iterations increases, the
image edges of HSI gradually become clearer. Meanwhile, if
l0 -norm is excessively penalized, the final results will appear
oversmoothing phenomenon. At the bottom of Fig. 1, the
SSTV handling local spatial–spectral differences combine 2-D
spatial TV (defined by 2DTV= ||Dh X ||1 + ||Dv X ||1 ) with
1-D spectral TV. Although most of structure information
is restored, SSTV unavoidably caused artifacts. For more
comprehensively exploiting the global spatial and the local
spatial–spectral information, l0 hTV(X ) and SSTV are incorporated as a globally and locally integrated regularizer, and
with Definition 2, the proposed l0 -l1 Hybrid Total Variation
(l0 -l1 HTV) is defined as follows:
l0 −l1 HTV(X ) = l0 hTV(X ) + SSTV(X )
= I||B·||θ1,0 (B DX )+(||Dh X Dz ||1 +||Dv X Dz ||1 )
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where Dh and Dv are two operators to calculate differences
along the horizontal and vertical directions. Dz is a 1-D
finite differencing operator to extract the spectral signature
of each pixel. In practical applications, it is hard to find a
proper parameter λ for minimizing λl0 hTV(X ) since this usergiven parameter λ has no relationship with the degree of the
restored image X . Therefore, ||B DX ||θ1,0 ≤ γ is used for HSI
restoration, and γ directly represents the l0 gradient value of
the output image.
IV. l0 -l1 H YBRID T OTAL VARIATION FOR HSI D ENOISING
A clear HSI cube X ∈ Rh×v×z is corrupted by mixed noise,
including the Gaussian noise, salt and pepper noise, deadlines,
and strips. The Gaussian noise can be denoted by N , and the
others are unified as sparse noise S. Thus, an observed 3D
HSI T ∈ Rh×v×z is represented as follows:
T = X + S + N.

(16)

With (15) in mind, the proposed l0 -l1 HTV for removing HSI
mixed noise is formulated as
min T − X − S
X ,S

2
F

+λ S

1

+ λtv

× (||Dh X Dz ||1 + ||Dv X Dz ||1 ) + I||B·||θ1,0 (B DX )

(17)

where λ and λtv are two positive constants to balance the
contributions of each term. The first term T − X − S 2F
is a data fidelity term. S 1 is the l1 -norm of the sparse
noise S to remove salt and pepper noise, deadlines, and
strips. ||Dh X Dz ||1 + ||Dv X Dz ||1 is used to characterize
the local smoothness in the spatial and spectral directions.
I||B·||θ1,0 (B DX ) is the mixed l1,0 pseudonorm to enhance image
edges and remove the Gaussian noise.
To solve the above HSI denoising problem, three auxiliary
variable V, P, and Q are introduced, and (17) is reformulated
as follows:
min

X ,S,V,P,Q

T −X −S

2
F

+λ S

1

+ λtv (||P||1 + ||Q||1 )

+I||B·||θ1,0 (V)

s.t. P = Dh X Dz , Q = Dv X Dz , V = DX .

(18)

The ADMM method [48], [49] is applied for the aforementioned problem, and the unconstrained function of (18) is
rewritten as:
min

X ,S,V,P,Q

T −X −S

+λ S

2
F

1

+ λtv (||P||1 + ||Q||1 )

+ I||B·||θ1,0 (V) + β||P − Dh X Dz − Y1 ||2F
+ β||Q − Dv X Dz − Y2 ||2F + β||V − DX − Y3 ||2F . (19)
Equation (19) is divided into five subproblems:
1) min T − X − S
X

2
F

+ β||P − Dh X Dz −

+β||Q − Dv X Dz −
2) min λ S
S,

1

Y2 ||2F

+ T −X −S

+ β||V − DX −
2
F

Y3 ||2F

(20)

3) min λtv ||P||1 + β||P − Dh X Dz − Y1 ||2F

(22)

4) min λtv ||Q||1 + β||Q − Dv X Dz − Y2 ||2F

(23)

Q

5) min I||B·||θ1,0 (V) + β||V − DX −
V

Y3 ||2F .

The X -related subproblem is rewritten into its vector
x = arg min f (x)
x

= arg min t − x − s
x

(24)

2
F

+ β||p − D1 x − y1 ||2F

+β||q − D2 x − y2 ||2F + β||v − Dx − y3 ||2F

(25)

where D1 = Dh ⊗ Dz , D2 = Dv ⊗ Dz , and ⊗ denotes the
Kronecker product. Set the partial derivative of f (x) as zero,
and yield the following linear equation:
(1 + β D ∗ D + β D1∗ D1 + β D2∗ D2 )x
= t − s + β(p − y1 + q − y2 + v − y3 ).

(26)

Equation (26) can be solved by the preconditioned conjugate gradient (PCG) [50] or the algorithm for sparse linear
equations and least squares (LSQR) [51], [52].
Equations (21), (22), and (23) about S, P, and Q are the
same form and, respectively, rewritten as
S

(21)

P

Algorithm 1 l0 -l1 HTV for HSI Mixed Noise Removal
Input: T , λ, λtv , γ
1: Initializtion: X = S = 0, V = P = Q = Y1 = Y2 =
Y3 = 0, i = 0,  = 10−4 ∗ hv
2: while 0 ≤ i ≤ maxi ter or | ||B DX ||θ1,0 − γ | > 
3:
i = i + 1;
4: update x by solving (26):
(1 + β D ∗ D + β D1∗ D1 + β D2∗ D2 )x = t − s
5: +β(p − y1 + q − y2 + v − y3 )
6: update X : X =rearrange(x)
7: update S, P and Q by solving (30), (31) and (32):
8: S = Sλ/2 [T − X ]
9: P = Sλt v /2 [Dh X Dz + Y1 ]
10: Q = Sλt v /2 [Dv X Dz + Y2 ]
11: update V by solving (33):
12: V = B(DX + Y3 ) ,
13: Sort Vθ1 , . . . , Vθn in descending order in terms of l2
norms,
14: Set Vθγ +1 = 0, . . . , Vθn = 0 and then obtain a updated
V,
15: V = V + (I − B)(DX + Y3 )
16: update the multipliers
Y1 = Y1 + (Dh X Dz − P)
Y2 = Y2 + (Dh X Dz − Q)
Y3 = Y3 + (DX − V)
17: end while
Output: X .

min λ S

Y1 ||2F

5

1

+ S − (T − X )

2
F

(27)

min λtv ||P||1 + β||P − (Dh X Dz + Y1 )||2F

(28)

min λtv ||Q||1 + β||Q − (Dv X Dz + Y2 )||2F

(29)

P

Q

where the sign operator sgn(x) is defined as follows:
⎧
⎪
x >0
⎨ 1,
sgn(x) = 0,
x=0
⎪
⎩
−1, x < 0.
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By using the operator Sε [x] = sgn(x). ∗ max(|x| − ε, 0),
the solutions are obtained as
S = Sλ/2 [T − X ]
P = Sλt v /2 [Dh X Dz + Y1 ]

(30)
(31)

Q = Sλt v /2 [Dv X Dz + Y2 ].

(32)

The subproblem of V is equivalent to the following constrained minimization problem:

Equation (37) is divided into four subproblems:
1) min y − (X )
X

2
F

+ β||P − Dh X Dz − Y1 ||2F

+β||Q− Dv X Dz −Y2 ||2F +β||V − DX − Y3 ||2F

(38)

2) min λtv ||P||1 + β||P − Dh X Dz −

Y1 ||2F

(39)

3) min λtv ||Q||1 + β||Q − Dv X Dz −

Y2 ||2F .

(40)

P

Q

4) min I||B·||θ1,0 (V) + β||V − DX − Y3 ||2F .
V

(41)

min ||V − DX − Y3 ||2F
V

s.t. ||BV||θ1,0 ≤ γ .

(33)

The parameter β is omitted because it has no impact on the
optimization. Proposition 1 is adopted to solve (33). First, V is
initialized to V = B(DX + Y3 ), and at the i th iteration, V (i)
is sorted in descending order. Vθγ +1 = 0, . . . , Vθn are set as
zero vectors, which effectively removes most of noise while
preserving sharper image edges. Simultaneously, artifacts of
the denoised result are avoided since the information from
all spectral bands is used to promote spatial smoothness. The
detail of the l0 -l1 HTV method for HSI mixed noise removal
is summarized in Algorithm 1.
V. l0 -l1 H YBRID T OTAL VARIATION FOR HSI
C OMPRESSED S ENSING
HSI compressed sensing aims at reconstructing a 3-D HSI
data X from compressive measurements y ∈ Rm . In real
acquisition, disturbed by the Gaussian noise n, the compressive
measurements y can be obtained by
y = (X ) + n.

(34)

 is instantiated as  = D · H · P, where D is a random
down sampling operator, H is a random permutation matrix,
P is the Walsh–Hadamard transform, and the mapping of
 is Rh×v×z → Rm . This compressed operator has been
successfully applied for various CS cases [32], [53], [54].
However, it is an ill-posed inverse problem to recover X
from (34). As the prior information is efficient to find the
optimal solution, l0 -l1 HTV regularization is adopted, and the
proposed HSI CS model is formulated as
min y − (X )
X

2
F

min

y − (X )

2
F

(35)

+ λtv (||P||1 + ||Q||1 ) + I||B·||θ1,0 (V)

s.t. P = Dh X Dz , Q = Dv X Dz , V = DX .

(36)

Based on the ADMM method [48], the unconstrained function of (36) is given as follows:
min

X ,V,P,Q

y − (X )

2
F

x = arg min f (x)
x

x

By introducing three auxiliary variables P, Q and V, we
rewrite the (35) as follows:
X ,V,P,Q

The X -related subproblem is rewritten into its vector

= arg min y − (x)

+ λtv (||Dh X Dz ||1 + ||Dv X Dz ||1 )
+I||B·||θ1,0 (B DX ).

Algorithm 2 l0 -l1 HTV for HSI Compressed Sensing
Input: y, λtv , γ
1: Initializtion: X = 0, V = P = Q = Y1 = Y2 = Y3 = 0,
i = 0,  = 10−4 ∗ hv
2: while 0 ≤ i ≤ maxi ter or | ||B DX ||θ1,0 − γ | > 
3:
i = i + 1;
4: update x by solving (43):
(1 + β D ∗ D + β D1∗ D1 + β D2∗ D2 )x = y − (x)
5: +β(p − y1 + q − y2 + v − y3 )
6: update X : X =rearrange(x)
7: update P and Q by solving (44) and (45):
8: P = Sλt v /2 [Dh X Dz + Y1 ]
9: Q = Sλt v /2 [Dv X Dz + Y2 ]
10: update V by solving (33):
11: V = B(DX + Y3 ) ,
12: Sort Vθ1 , . . . , Vθn in descending order in terms of l2
norms,
13: Set Vθγ +1 = 0, . . . , Vθn = 0 and then obtain a updated
V,
14: V = V + (I − B)(DX + Y3 )
15: update the multipliers
Y1 = Y1 + (Dh X Dz − P)
Y2 = Y2 + (Dh X Dz − Q)
Y3 = Y3 + (DX − V)
16: end while
Output: X .

+ λtv (||P||1 + ||Q||1 ) + I||B·||θ1,0 (V)

2
F

+ β||p − D1 x − y1 ||2F

+β||q − D2 x − y2 ||2F + β||v − Dx − y3 ||2F .

(42)

The partial derivative of f (x) is set as zero, and optimizing
x is equivalent to solve the following linear equation:
(1 + β D ∗ D + β D1∗ D1 + β D2∗ D2 )x
= y − (x) + β(p − y1 + q − y2 + v − y3 ).

(43)

Equation (43) is also solved by the PCG [50] or the
algorithm for sparse linear equations and least squares (LSQR)
[52]. Based on the operator Sε [x] = sgn(x). ∗ max(|x| − ε, 0),
the solutions of (39) and (40) are calculated as

+ β||P − Dh X Dz − Y1 ||2F + β||Q − Dv X Dz − Y2 ||2F

P = Sλt v /2 [Dh X Dz + Y1 ]

(44)

+ β||V − DX − Y3 ||2F .

Q = Sλt v /2 [Dv X Dz + Y2 ].

(45)

(37)
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TABLE I
A DDED M IXED N OISES IN N INE C ASES

Extracting all items containing V from (37), similar to
the process of solving V in the HSI denoising model, the
detail of the l0 -l1 HTV method for HSI CS is summarized in
Algorithm 2.
VI. E XPERIMENTAL R ESULTS AND D ISCUSSION
In this section, extensive experiments on HSI denoising and
HSI compressed sensing are conducted to evaluate the performances of the proposed method. In the denoising experiments,
we select four types of methods: TV based method, i.e., 2DTV,
ASSTV [26], SSTV [27], HSSTV [28], E-3DTV [39], and
LR-based method, i.e., LRMR [29]. In the CS experiments,
l0 -l1 HTV is compared with including 2DTV, ASSTV [26],
SSTV [27], and LR-based method, i.e., LR and joint-sparse
recovery (SparCS) [55]. Three TV norms are replaced in (35)
and also solved by ADMM.
In simulated experiments, we employ the mean peak signalto-noise ratio (MPSNR), the mean structural similarity index
(MSSIM), the Erreur Relative Globale Adimensionnelle de
Synthese (ERGAS), and the mean spectral angle distance
(MSAD) to evaluate HSI restoration qualities as follows:
1
MPSNR =
z

z

PSNR(X (:, :, i ), X (:, :, i ))

(46)

i=1
z

1
MSSIM =
SSIM(X (:, :, i ), X (:, :, i ))
(47)
z i=1



 z
1
mse X (:, :, i ), X (:, :, i )

ERGAS =
(48)
z i=1
Mean2 (X (:, :, i ))
T 


hv
X(3) (i, :) · X(3) (i, :)
180
1
 

× arccos 
MSAD =
X(3) (i, :) · X(3) (i, :)
hv i=1 π
(49)
where X (:, :, i ) and X (:, :, i ) denote the i th band of the
reference and recovered images, and X(3) (i, :) and X(3) (i, :)
are the i th spectral signatures of two images.

A. HSI Mixed Noise Removal Experiments
Two HSI data sets are adopted including the Washington
dc Mall (WDC) data set and the Indian synthetic (Indian-s)
data. The WDC data set was captured by the HS digital
imagery collection experiment. A subregion image in the
size of 200 × 200 × 160 holds complex structure and texture
information. The Indian synthetic (Indian-s) data has been
considered in [29], [33], [38], which is generated by USGS
splib06 using the ground truth of the Indian Pines data set.
The Indian-s data contain 145 × 145 pixels and 175 bands,
with evident local smoothness information.
The noise of HSI data generally manifests as a mixture
of Gaussian noise, salt and pepper noise, deadline noise, and
strips. The details of noise cases are given in Table I. Three
different kinds of the Gaussian noise are taken into account. In
cases 1∼3, the Gaussian noise is randomly added to all bands
of HSIs. The noisy intensity of different bands is different, and
the SNR values of the Gaussian noise vary from 10∼20 dB
randomly. For cases 4∼6, the variance σz2 of the Gaussian
noise is defined as follows [46]:

 
exp −(z − Z /2)2 / 2η2
σz2 = δ 2  Z
(50)

 
2
2
z=1 exp −(z − Z /2) / 2η
where δ and η are two adjustable parameters, and the mean
noise SNR is set as 12.12 dB.
1) WDC Data Set: In terms of visual quality, Fig. 2 shows
band 70 of WDC data denoised by eight different methods
under Case 5. ASSTV fails to remove all noise completely.
Although noise is largely suppressed by 2DTV, its result
yields some blurry areas and loses much detailed information.
HSSTV and E-3DTV perform comparatively better than SSTV
and LRMR in mixed noise removal, but their results exist
more or less undesired artifacts in the green rectangle area. As
observed, the proposed l0 -l1 HTV produces superior denoised
results without any oversmoothing or artifacts and, meanwhile,
preserves clearer structure and texture information, such as
four vertical boundaries in the middle of the recovered image.

Authorized licensed use limited to: Jocelyn Chanussot. Downloaded on March 09,2021 at 07:27:50 UTC from IEEE Xplore. Restrictions apply.

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.
8

IEEE TRANSACTIONS ON GEOSCIENCE AND REMOTE SENSING

Fig. 2. Denoised results by all the compared methods for WDC data set. (a) Original band 70. (b) Simulated noise band of case 5. (c) 2DTV. (d) ASSTV.
(e) SSTV. (f) LRMR. (g) HSSTV1. (h) HSSTV2. (i) E-3DTV. (j) l0 -l1 HTV.

TABLE II
Q UANTITATIVE R ESULTS OF A LL THE M ETHODS U NDER D IFFERENT
M IXED N OISE C ASES FOR WDC D ATA S ET

Fig. 3. (a) PSNR and (b) SSIM values of each band in Case 5 for the WDC
data set.

To quantitatively compare the performances of these methods, we list the assessment results in Table II, with the
best ones marked in bold and the second ones underlined.
Consistent with visual comparison, the proposed method
achieves the highest evaluation scores among seven denoised
approaches. SSTV, HSSTV, and E-3DTV outperform LRMR
under cases 1∼6 since these state-of-the-art TV-based methods ponder more local smoothness information. E-3DTV
and LRMR have similar denoised results under cases 7∼9.
Nevertheless, LRMR explores the LR property of HSI and
enables to handle complex Gaussian noise, leading to higher
MSSIM values than HSSTV and E-3DTV. As ASSTV utilizes
local information along with three directions of HSI, ASSTV
gains higher scores than 2DTV. Fig. 3 presents the PSNR and
SSIM values of each band in Case 5 for the WDC data set.
Due to the same curves of l0 -l1 HTV, LRMR, HSSTV, and
E-3DTV, the curves in the black dashed frames are enlarged.
It is obvious that the proposed method shown in red provides
the best performances.
2) Indian-s Data Set: Fig. 4 shows the denoised performances of compared methods under Case 9. As shown in
Fig. 4(a), Indian-s data has much sharper edges than the
WDC data set. Similarly, ASSTV still remains the amount of
noise, and 2DTV generates serious oversmoothing. ASSTV

and SSTV fail to remove strips completely. Unlike SSTV,
LRMR restores a better image without lots of artifacts since
LRMR exploits LR prior information. HSSTV compensates
for artifacts of a pure SSTV algorithm to a certain extent.
However, HSSTV just exploits the local differences of HSI,
which causes wrong boundary judgment. Although E-3DTV
outperforms the abovementioned algorithms, there exist fewer
artifacts in the smoothing areas since E-3DTV only utilizes
the local spatial information and the sparsity insight of 3DTV.
The white area on the left reveals that l0 -l1 HTV obtains the
best smoothness and the sharpest edges. l0 -l1 HTV is superior
to the other approaches.
Table II gives the quantitative results of eight denoised
algorithms and further proves the best performances of our
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Fig. 4. Denoised results by all the compared methods for Indian-s data set. (a) Original band 65. (b) Simulated noise band of case 9. (c) 2DTV. (d) ASSTV.
(e) SSTV. (f) LRMR. (g) HSSTV1. (h) HSSTV2. (i) E-3DTV. (j) l0 -l1 HTV.
TABLE III
Q UANTITATIVE R ESULTS OF A LL THE M ETHODS U NDER D IFFERENT
M IXED N OISE C ASES FOR I NDIAN - S D ATA S ET

Fig. 5. (a) PSNR and (b) SSIM values of each band in case 9 for Indian-s
data set.

proposed l0 -l1 HTV. For this kind of data set with sharper
edges, E-3DTV and HSSTV bring better results than 2DTV,
ASSTV, and LRMR in most of the cases. E-3DTV obtains
the second-highest metric values among seven comparing
methods. HSSTV deals with complex Gaussian noise cases,
such as cases 8 and 9, a little worse than LRMR. Due to
the good use of local HSI information, HSSTV obtains better
MSSIM scores than LRMR. Meanwhile, as we can see in
Fig. 5, the PSNR and SSIM values of each band obtained by
the proposed l0 -l1 HTV are much higher than the other stateof-the-art algorithms.
3) Real-World Data Set: The Indian Pines data set was
acquired by the NASA AVIRIS instrument in Northwestern
Indiana, containing 145 × 145 and 224 spectral reflectance
bands. Fig. 6 shows that the original band 220 of this scene
is corrupted by mixed noise, and target objects can barely
be recognized, which directly hinders further HSI analysis.

The above eight methods are implemented for HSI denoising.
2DTV and ASSTV lose their utility when they encounter
heavy noise cases. SSTV and LRMR remove lots of noise, but
they produce artifacts. The result denoised by E-3DTV appears
blurred image edges and fewer artifacts. In contrast, HSSTV
and l0 -l1 HTV restore the clearest image without artifacts.
In real data experiments, the above image assessments are
useless since the reference images are unknown. Meanwhile,
preserving sharp image edges benefits further HSI tasks,
such as classification. Therefore, the supervised classification
experiment is designed, and the well-known support vector
machines (SVM) [56]–[58] is applied to quantitatively compare the performances of different methods. The first and
second columns of Table IV show 16 different classes and
the number of training (random 10%) and test samples. The
accuracy for each class, kappa coefficient, overall accuracy
(OA), and average accuracy (AA) are depicted in Table IV,
and eight denoising techniques can be quantitatively evaluated.
Fig. 7 presents the visual comparison of classification results
before and after denoising. It is conspicuously seen that
classification accuracies are significantly fortified after the
denoising process. Due to the oversmoothing phenomenon,
the results by 2DTV and ASSTV appear large misclassified
areas. Therefore, their kappa, OA, and AA scores have risen
less. E-3DTV presents higher classification accuracies than
LRMR since E-3DTV explores the sparsity of subspace on the
gradient maps and is one of the advanced 3DTV variant algorithms. SSTV provides higher metric values, but artifacts cause
incorrect classification results for each class. As kappa, OA,
and AA show, two HSSTV methods have similar classification
results, which are a little lower than the proposed method.
l0 -l1 HTV produces the highest evaluation scores, with kappa,
OA, and AA of 0.9594, 0.9644, and 0.9666, respectively.
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Fig. 6. Denoised results by all the compared methods on the Indian Pine data. (a) Original band 220. (b) 2DTV. (c) ASSTV. (d) SSTV. (e) LRMR. (f)
HSSTV1. (g) HSSTV2. (h) E-3DTV. (i) l0 -l1 HTV.

Fig. 7. Classification results by all the compared methods in the Indian Pine data. (a) Original. (b) 2DTV. (c) ASSTV. (d) SSTV. (e) LRMR. (f) HSSTV1.
(g) HSSTV2. (h) E-3DTV. (i) l0 -l1 HTV.
TABLE IV
C LASSIFICATION R ESULTS ON I NDIAN P INES D ATA BY D IFFERENT M ETHODS

B. HSI Compressed Sensing Experiments
Three HSI data experiments are employed to validate the
effectiveness of l0 -l1 HTV on HSI CS with seven different sample ratio, i.e., 0.05, 0.1, 0.2, 0.4, and 0.6. Three
data sets include Pavia University, CAVE Toy, and Reno,
and their cubes used for HSI CS experiments are of sizes
250 × 121 × 130, 300 × 300 × 31, and 150 × 150 × 100.
1) Pavia University: In terms of visual quality, the representative bands of eight HSI CS results in the sampling
ratio r = 0.4 are presented in Fig. 8. As shown in the
green square of the enlarged areas, reconstructed images by
2DTV, ASSTV, and HSSTV are smoothed excessively, which
causes the loss of street detailed information. As observed
from the white areas, SSTV and SparCS lead to more or fewer

artifacts. Meanwhile, HSSTV overcomes the artifacts of SSTV,
and E-3DTV compensates for the defect of oversmoothing.
l0 -l1 HTV provides the best result without any artifact, and the
comparison of PSNR and SSIM values of all the bands in
Fig. 9 also illustrates the superiority of our l0 -l1 HTV method.
Table V presents the quantitative indices of eight different sampling ratios on the Pavia university data set. SSTV
and SparCS can reconstruct great images in high sampling
ratios, but poor results are obtained in low sampling ratios.
Nevertheless, the results of 2DTV are just the opposite. As
two modified TV-based methods, HSSTV and E-3DTV always
obtain better results than SSTV, but they still have quality
decays with sample ratios decreasing. These indicate the instabilities of the above three methods. l0 -l1 HTV provides much
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Fig. 8. HSI CS results on the Pavia University data set, and the sample ratio is 0.4. (a) Original band 1. (b) 2DTV. (c) ASSTV. (d) SSTV. (e) SparCS.
(f) HSSTV1. (g) HSSTV2. (h) E-3DTV. (i) l0 -l1 HTV.

Fig. 9. (a) PSNR and (b) SSIM values of each band for Pavia University
under r = 0.4.
TABLE V
Q UANTITATIVE R ESULTS OF A LL THE M ETHODS U NDER D IFFERENT CS
C ASES FOR THE PAVIA U NIVERSITY D ATA S ET

higher metrics than the other approaches, with lower sampling
ratios.
2) Toy: Compared with the above Toy HSIs, more regular
clothes texture information exists in the magnified areas of
Fig. 10(a). Unfortunately, ASSTV and SSTV fail to recover

the final HSI under a low sampling ratio r = 0.2. Although
a few texture details can be found in the results by 2DTV
and SparCS, it is hard to distinguish the colors of texture
information. As the zoomed areas of the yellow frame show,
much white background information is lost by two HSSTV
algorithms. E-3DTV produces a better background result, but
there still exist few artifacts. The l0 -l1 HTV method provides
the best result with reconstructing most information of the
original image. The PSNR and SSIM values of each band in
Case 9 for the Indian-s data set are shown in Fig. 9. We can
observe that, in almost all bands, the metric values of our
proposed method (the red curves) are higher than those of the
other approaches.
Table VI lists the four metric values of different methods.
Under almost all cases, the metric scores obtained by using
l0 -l1 HTV are the highest among all the techniques. 2DTV,
ASSTV, and SSTV outperform SparCS under most sampling
ratios, which demonstrates that TV methods are more suitable
for recovering HSIs with more texture information than pure
LR methods. The MSSIM, ERGAS, and MSAD values of
HSSTV are the highest when high sample ratio r = 0.6,
but the metrics of HSSTV decrease more than E-3DTV and
l0 -l1 HTV with decreasing sample ratios.
3) Reno Data Set: Fig. 12 depicts the reconstructed results
of band 2 of the Reno data set by different methods, with
the random sample ratio r = 0.1. 2DTV causes spatial
oversmoothing. SparCS exploits the LR property of HSI,
but SparCS ignores spatial smoothness, which leads to the
lack of local structure information. Due to the existence of
artifacts, blurry image edges can hardly be distinguished in
the result recovered by SSTV. Based on local spatial and
spatiospectral information, HSSTV recovers some clear image
edges but loses lots of pixels in the white areas. It is evident
that E-3DTV and l0 -l1 HTV get the best reconstruction, but
l0 -l1 HTV recovers the complete white areas and the sharpest
edges. The PSNR and SSIM of each band restored by different
approaches are shown in Fig. 13, and the results demonstrate
that l0 -l1 HTV marked in red achieved the best results in all
the bands.
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Fig. 10. HSI CS results on the Toy data set and sample ratio is 0.2. (a) Original band 2. (b) 2DTV. (c) ASSTV. (d) SSTV. (e) SparCS. (f) HSSTV1. (g)
HSSTV2. (h)E-3DTV. (i) l0 -l1 HTV.

TABLE VI
Q UANTITATIVE R ESULTS OF A LL THE M ETHODS U NDER D IFFERENT CS
C ASES FOR THE T OY D ATA S ET

second-best and third-best results, respectively. Especially,
E-3DTV is more beneficial for the CS recovery with lower
sampling ratios. However, l0 -l1 HTV achieves the best reconstructions under all sampling ratios.
In summary, the structure information of the three data sets
is different, while our proposed method always obtains the
best-recovered images. l0 -l1 HTV can be a useful regularizer to
ameliorate the performances for HSI denoising and CS tasks.
C. Discussion

Fig. 11. (a) PSNR and (b) SSIM values of each band for Toy under r = 0.2.

Table VII provides the quantitative results of eight different
sampling ratios on the Reno data set in terms of four evaluation
indices. It can be easily seen that the proposed l0 -l1 HTV gives
a significantly fortified performance under five sampling ratios
compared with other competing methods. Since important
structure details of the final HSIs are barely reconstructed,
2DTV and ASSTV get similar assessment scores. By using
more local differences, E-3DTV and HSSTV recover the

1) Convergence of the Proposed Methods: The convergence
is verified on HSI denoising and CS experiment data sets.
Fig. 14(a) displays the RalCha of two denoised results for
WDC and Indian-s data sets under noisy cases 5 and 9,
respectively. RalCha is the relative change of two restored
results, i.e., ||X (i + 1) − X (i )||2F /||X (i )||2F , where X (i ) is
the i th recovered HSI image. Fig. 14(b) shows the RalCha of
two recovered results for PaviaUA and Toy data sets under
sampling ratio r = 0.1 and r = 0.2, respectively. It can
be spotted that, as the iterations are conducted, the RalCha
values of l0 -l1 HTV for HSI denoising and CS reconstruction
monotonically decrease, finally approaching zero.
2) Parameter Analysis: In the l0 -l1 HTV model, four parameters should be carefully identified for the HSI denoising
and CS. We analyze the impact of each parameter on the
restoration results and discuss how to choose such parameters
in our experiments. The denoised results are based on the
simulated experiments in WDC and Indian-s data sets. The
effect of each parameter on the CS is discussed under sampling
ratio r = 0.1.
Parameter γ plays an important role to control the number
of l0 gradients. Due to the relationship with an HSI size, γ is
replaced by the parameter γ that is set to various percentages
of total HSI size in Figs. 15(a) and 16(a). γ is chosen from
the set [0.1, 1.0] with 0.01 as step size. The Indian-s and Toy
data sets have simpler texture information than the WDC and
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Fig. 12. HSI CS results on the Reno data set, and the sample ratio is 0.1. (a) Original band 2. (b) 2DTV. (c) ASSTV. (d) SSTV. (e) SparCS. (f) HSSTV1.
(g) HSSTV2. (h) E-3DTV. (i) l0 -l1 HTV.

Fig. 13. (a) PSNR and (b) SSIM values of each band for the Reno data set
under r = 0.1.

Fig. 14. RelCha values with respect to the number of iterations. (a) HSI
denoising. (b) HSI CS.

TABLE VII
Q UANTITATIVE R ESULTS OF A LL THE M ETHODS U NDER D IFFERENT CS
C ASES FOR THE R ENO D ATA S ET

Pavia data sets; thus, γ values for the Indian-s and Toy data
sets are lower than the others.
Parameter λ is related to the strength of sparse noise norm.
l0 -l1 HTV is tested using different values of λ varied among
[0.01,0.1]. It is obvious that l0 -l1 HTV produces an appealing
result when λ lies in the range of [0.05, 0.06].
Parameter λtv restricts the influence of the SSTV regularization on denoising or CS effectiveness. Figs. 15(c) and 16(b)
present the robustness of the propose method to the changes
of λtv . When λtv is given within [0.07, 0.08] for denoising and
[8, 10] for CS, respectively, PSNR stabilizes at a high value.
Parameter β is used for the ADMM multipliers. First, β is
set as 0.1 for denoising and 0.01 for CS, respectively, and then

tuned gradually. β is fixed as 0.3 and 0.05 for denoising and
CS, respectively, which achieves the best performances.
3) Computational Complexity: The computational complexities of the proposed algorithm for two HSI restorations are
discussed in this section, and the first three parts for denoising
and CS processes are universal as follows.
1) Solving the subproblem (22), (23), or (39), (40) includes
two thresholds and two SSTV operators, which takes
about O(2hvz + 2hvz) iterations.
2) For (24) or (41), the sorting of the L2-norms of hv subvectors spends the most time and requires O(hv(loghv))
time.
3) Most of the computation time for updating the multipliers lies on the SSTV and l0 HTV operators, which
requires about O(3hvz) iterations.
For HSI denoising, the threshold for solving S-related
problem requires O(hvz), and the computation of LSQR
algorithm used to update x costs O(4hv + 5z).
For HSI CS, the LSQR algorithm is also utilized to update
x, and its computation costs O(4hv + hvz).
Therefore, the computational complexities of the HSI
denoising process and CS the process are in total
O(8hvz + 5z + hv(loghv)) and O(8hvz + 4hv + hv(loghv)),
respectively.
The running times of different methods on HSI denoising
and CS reconstruction experiments are reported in Table VIII.
All the experiments are conducted in MATLAB 2018b on
the PC with an Intel i7 CPU at 2.60 GHz and 32 GB
of memory. For HSI denoising, ASSTV is the fastest one
among all the comparing methods, but most of the mixed
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Fig. 15. MPSNR as a function of the parameters (i.e., (a) γ , (b) λ, (c) λtv , and (d) β) in the proposed method for HSI denoising on the WDC and Indian-s
data sets.
TABLE VIII
RUNNING T IME C OMPARISON OF D IFFERENT M ETHODS

restrains the spatial smoothness from all spectral bands, and
SSTV exploits local structure information along with spatial
and spectral directions. The hybrid TV is designed as a
globally and locally integrated regularizer for HSI restorations.
Experimental results on HSI mixed noise removal and CS
recovery demonstrate the superior performances of our proposed methods.
For further work, two extensions of our regularization
technique can be explored: 1) l0 -l1 HTV can be applied to other
HSI processing tasks, such as classification and 2) in this study,
the simple use of l0 -l1 HTV has been focused. In fact, this kind
of HTV can be injected into LR matrix or tensor models.
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