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Abstract— Tensor-based fusion that couples the high spatial
resolution of a multispectral image (MSI) to the high spectral
resolution of a hyperspectral image (HSI) is considered. The
fusion problem is first formulated mathematically as a convex
optimization of a tensor trace norm imposing low-rank spatially
as well as spectrally, with an alternating-directions optimization
featuring linearization providing the solution. Although prior
tensor-based fusion approaches typically resort to tensor decomposition, the proposed algorithm exploits ideas from the field of
tensor completion to directly impose a low-rank property spatially and spectrally while avoiding the computationally complex
patch clustering and dictionary learning common to competing
fusion techniques. Additionally, small modifications to the basic
optimization permit a fusion process robust to missing hyperspectral values such as those that can result from dead stripes
in real hyperspectral sensors. The experimental evaluations on
both synthetic imagery as well as real imagery demonstrate
that the resulting low-rank tensor-approximation (LRTA) fusion
algorithm preserves both spatial details and texture, yielding
significantly improved image quality when compared to other
state-of-the-art fusion methods as well as effective restoration
under conditions of missing stripes within the HSI.
Index Terms— Data fusion, hyperspectral imagery (HSI),
low-rank tensor.
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I. I NTRODUCTION

D

UE to an inevitable tradeoff between spatial and spectral resolution in optical remote-sensing systems, hyperspectral imagery (HSI) is acquired with very high spectral
resolution, but with relatively poor spatial resolution, while
multispectral imagery (MSI) typically has higher spatial
resolution at the expense of poorer spectral resolution.
Consequently, using MSI to enhance the spatial resolution of
HSI is of great interest in numerous applications [1]–[4]. For
example, Yokaya et al. [3] surveyed a number of recent efforts
toward fusing HSI with MSI in order to generate an image
with both high spectral and spatial resolution, which we denote
as HS2 I.
Many such hyperspectral and multispectral (HS-MS) fusion
methods entail casting the HSI and MSI image cubes as
2-D matrices by raster-scanning the image spatially, that is,
an image cube of spatial size of M × N pixels, wherein each
pixel has D spectral
 bands, is represented as D × M N matrix
X = x1 . . . x M N , where pixel vector xi ∈  D , 1 ≤ i ≤ M N.
However, such a matricization of the 3-D image cube tends
to obfuscate both the spatial texture structure as well as the
spatial–spectral dependence within the image cube [5], [6].
This necessitates the addition of explicit strategies to exploit
joint spatial–spectral characteristics—such as various regularizers (e.g., [7])—which no doubt increases the complexity of
algorithms.
As an alternative to matricization, there has been increasing
interest in treating an HSI or MSI image cube as being a
multidimensional array representation of an order-3 tensor,
such that tensor theory and processes can be brought to bear on
the HS-MS fusion task. A popular strategy is to deploy a tensor
decomposition, such as the well-known Tucker decomposition,
e.g. [5], [6], [8]. Specifically, the target HS2 I is formed from
a core tensor multiplied by its three factor matrices, where
two factor matrices are learned from the MSI in the two
spatial modes, while the third is learned from the HSI in the
spectral mode. While such tensor-decomposition approaches
to HS-MS fusion are conceptually straightforward and can
yield effective results, they tend to be fraught with several
difficulties, including the well-known nonuniqueness of the
Tucker decomposition (making it less than straightforward
how to formulate the decomposition), the high computational
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complexity entailed in learning the factor matrices (typically
via patch-based dictionary-learning schemes), and the fact that
finding a factor matrix which is optimal with respect to some
criterion does not necessarily yield a correspondingly optimal
HS2 I after multiplication with the core tensor (due to the
lack of an equivalent to Parseval’s theorem for general tensor decompositions1). Accordingly, additional spatial–spectral
regularizers have been coupled to tensor decompositions to
further incorporate spatial and spectral information into the
fused HS2 I (e.g., [10], [11]. Alternatively, patch clustering has
also been used to drive tensor-based fusion directly without
resorting to tensor decompositions [12]. Finally, both coupledtensor-ring representation and factorization models have also
recently been introduced for HSI-fusion problems [13], [14].
However, it has been established [15]–[17] that HSI possesses not only global correlation across the spectrum but also
nonlocal self-similarity over space, guaranteeing low rank in
both the spatial and spectral directions. Specifically, exploiting
low-rank aspects of HSI has shown significant potential in a
myriad of HSI applications, including hyperspectral dimensionality reduction, anomaly detection, and noise reduction
(e.g., [16]–[20]). Given that computing the rank of a tensor is
NP-hard [21], low-rank methods commonly employ a proxy
for tensor rank, for example, Liu et al. [22] adopted a tensor
trace norm which is demonstrated to be effective at capturing
geometric structure and texture for image inpainting via tensor
completion.
Apart from the issue of low spatial resolution mentioned
above, another challenge for HSI recovery is pixel degradation
caused by optical aberrations and misalignments in imaging systems, especially stripe noise [23], [24]. Such striping
artifacts severely degrade the quality of HSI and ultimately
influence the HS-MS fusion result (i.e., significant noise can
remain in the fused image). As described in [3], a straightforward approach to reduce noise in the fused image is through
postprocessing with denoising. Yet, although denoising after
fusion can improve image quality to a certain extent, it can
also introduce new errors or fail to remove all the noise.
Consequently, noise-robust HS-MS fusion is considered here
in order to improve spatial resolution while simultaneously
restoring HSI degradations. While we focus specifically on
stripe noise, restoration of other types of artifacts (e.g., missing
or dead patches, isolated pixels, cloud cover, etc.) would also
be feasible.
To this end, in this article, we recast the tensor-trace-norm
formulation used in [22] for tensor completion to drive HS-MS
fusion, producing an HS2 I cube that couples the spatial geometry and texture of the constituent MSI with the spectral detail
from the HSI. Our resulting low-rank tensor-approximation
(LRTA) algorithm imposes a low-rank tensor trace norm
directly on the target HS2 I cube, thereby circumventing the
difficulties outlined above surrounding tensor decompositions.
We also avoid the computationally complex patch clustering
and dictionary learning common to existing techniques by
1 This is effectively a consequence of the fact that tensor decompositions
into Parseval frames are known for only certain symmetric tensors (e.g., [9]);
the HS2 I will be, in general, nonsymmetric.
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devising an augmented Lagrangian to optimize the tensor trace
norm directly, effectively adapting ideas from the field of
tensor completion to the HS-MS fusion problem. This has the
added benefit that the proposed LRTA fusion algorithm can be
readily modified to be able to complete the fusion task while
simultaneously recovering missing HSI values due to stripe
noise. We believe that the resulting LRTA algorithm represents
the first approach to appear in the literature that applies such
tensor-completion concepts to the HS-MS fusion problem.
In the remainder of the article, we describe our proposed
LRTA approach to HS-MS fusion and experimentally evaluate
its effectiveness. After introducing some basic mathematical
preliminaries in Section II, we provide the details on the LRTA
HS-MS fusion algorithm in Section III. Section IV follows
with experimental results that compare the performance of the
proposed algorithm against that of several other state-of-the-art
fusion approaches. Finally, Section V closes the article with
some concluding remarks.
II. M ATHEMATICAL P RELIMINARIES
A real-valued order-n tensor is denoted as X ∈
R I1 ×···×Ik ×···×In , with each element being x i1 ,...,ik ,...,in , where
Ik is the dimension of mode k, 1 ≤ k ≤ n. A tensor
may be unfolded into a matrix along a single mode; the
“unfold” operation along mode k is defined as unfoldk (X ) =
X(k) ∈ R Ik ×(I1 ···Ik−1 Ik+1 ···In ) . Correspondingly, the “fold” operation reverses the unfolding, foldk (X(k) ) = X .
As is commonly done with matrices, we use a trace norm
as a convex proxy for rank; for tensors, we adopt the trace
norm from [22],
X ∗ =

n




αk X(k) ∗

(1)

k=1

where ·∗is the matrix spectral norm and αk ≥ 0 are weights
We also define the Frobenius norm of
such that nk=1 αk = 1.
a tensor as X  F = ( i ,...,in |x i1 ,...,in |2 )1/2 such that X  F =

1

X(k)  , 1 ≤ k ≤ n.
F
The multiplication of a tensor X with a matrix A ∈
R Jk ×Ik on mode k is defined by Y = X ×k A, where
I1 ×···×Ik−1 ×Jk ×Ik+1 ×···×In
Y
and yi1 ,...,ik−1 , jk ,ik+1 ,...,in =
 Ik ∈ R
i k =1 x i 1 ,...,i k ,...,i n a jk ,i k . Alternatively, after an unfold operation along mode k, the multiplication can be defined as
Y(k) = AX(k) . The element-wise product operator of tensor
X with tensor W of the same size is denoted as X  W.
Finally, the interpolation operation of tensor X by ratio R is
defined by Z = interpolation(X , R, “method”), which returns
a tensor in which the first two orders are resized, that is,
Z ∈ R R I1 ×R I2 ×···×Ik ×···×In . Here, “method” indicates the interpolation process used, such as nearest-neighbor interpolation,
bilinear interpolation, bicubic interpolation, and so on.
III. P ROPOSED LRTA F USION A LGORITHM
The core principle in estimating an HS2 I is to extract
spectral and spatial information from the HSI and MSI,
respectively. To do so, the spatial and spectral degradation
from the HS2 I to the observed HSI and MSI, respectively,
are modeled. The HS-MS fusion task is then formulated as
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Fig. 1. Proposed LRTA HS-MS fusion framework. The point-spread function (PSF) and spectral response function (SRF) are simplified here for visualization
purposes. On the left is the spatial and spectral degradation of the HSI and MSI; on the right is the proposed fusion algorithm wherein spectral correlation
and spatial nonlocal similarity are integrated into the desired HS2 I via LRTA.

an LRTA problem which is solved using the recent linearized
alternating direction method with adaptive penalty (LADMAP)
[25]–[27], a variant of alternating direction method of multipliers (ADMM) useful for when constituent subproblems do
not have closed-form solutions.
Below, we introduce the specifics of the proposed LRTA
HS-MS fusion algorithm. We start in Section III-A with a
presentation of the mathematical model of the HSI/MSI sensor
observation process along with a mathematical formulation
of the HS2 I fusion problem in terms of a tensor trace norm.
The proposed LRTA algorithm is described in Section III-B
to solve this fusion problem. Finally, the LRTA algorithm is
extended in Section III-C to a more realistic scenario wherein
the HSI image cube is degraded by missing values, such as
when the sensor induces striping artifacts. In this latter case,
LRTA learns the fused HS2 I while effectively recovering the
missing HSI values.
A. Problem Formulation
As is common in HS-MS fusion, we model both the
observed HSI and MSI as degradations of the real ground
target, wherein the HSI is the result of a spatial-degradation
process applied to the HS2 I, while the MSI results from
spectral degradation; both degradation processes are a consequence of the inevitable tradeoff between spatial and spectral
resolution in real optical remote-sensing systems. As illustrated in Fig. 1, the low-spatial-resolution HSI (denoted
as L ∈ R M ×N ×D ) and the high-spatial-resolution MSI
(denoted as H ∈ R M×N ×D ) are regarded as spatially and
spectrally degraded versions, respectively, of the unknown
HS2 I, X ∈ R M×N ×D . Hence, the HSI and MSI are
modeled as
X(3) D = L(3)
SX(3) = H(3)

(2)

where S ∈ R D ×D denotes a matrix spanned by a spectral response function (SRF) that constitutes a spectraldownsampling process, while D ∈ R M N ×M N is a matrix
generated from an R × R point-spread kernel (PSK) , R =
M/M = N/N . Specifically, D encapsulates the hyperspectral
sensor’s spatial point-spread function (PSF) describing the
sensor’s spatial degradation process (represented discretely
by ) coupled with the subsampling entailed by the imaging
process.
The underlying low-rank nature of images has been widely
exploited for various image- and video-processing applications [28]. We expect that the real ground-target HS2 I is
characterized by strong correlations in spectrally adjacent
bands as well as high similarity between spatially neighboring
pixels; both of these manifest mathematically as low-rankness
both spatially and spectrally. Thus, we formulate the HS-MS
fusion problem as an estimation of the desired X with low
rank under constraints of the two sensor observation models.
Specifically, we cast the HS-MS fusion problem as follows:
min
X

3




αk X(k) ∗

k=1

s.t. X(3) D = L(3) and SX(3) = H(3)

(3)

where parameters αk controls the intensity of low-rank constraints on each mode of the expected fusion result X (setting
these parameters will be considered later in Section IV-C).
As the trace norm is the tightest convex envelope for the
rank, (3) is a convex optimization which we solve below.
We note that the HS-MS fusion problem (3) can be regarded,
in essence, as the completion problem considered in [22].
As discussed in [22], tensor completion builds up the relationship between the known and unknown elements to estimate
the latter. The construction of the relationship facilitates the
estimation method’s ability to capture the information from
both neighbor entries as well as global structure. Inspired by
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this core principle, (3) is expected to estimate the unknown X
by building up its relationship to the known L and H through
observation models.
B. Proposed LRTA HS-MS Fusion Algorithm
The problem in (3) is difficult to solve directly via differential calculus because elements in the tensor are interdependent.
Consequently, we follow the LADMAP paradigm in which we
introduce, for k ∈ {1, 2, 3}, auxiliary variables Mk for X(k) .
Additionally, we have Lagrange multipliers Y1 , Y2 , and Yk ,
where, again, k ∈ {1, 2, 3}, as well as penalty parameters μ, γ ,
and β. This renders (3) separable such that it can be solved via
LADMAP. Specifically, we form the augmented Lagrangian as
follows:
Lμ,β,γ (X , M1 , M2 , M3 , Y1 , Y2 , Y3 , Y1 , Y2 )
3
3




=
Yk , X(k) − Mk
αk Mk ∗ +
k=1
k=1
 


+ Y1 , M3 D − L(3) + Y2 , SM3 − H(3)
3



μ 
X(k) − Mk 2 + β M3 D − L(3) 2
+
F
F
2 k=1
2
2
γ
+ SM3 − H(3) F
2

2) Update M3 :
M3,t+1
= arg min α3 M3 ∗
M3

2


Y1,t 2
μ
Y3,t 
β




+ X(3),t −M3 +
+ M3 D−L(3) +
2
μ F 2 
β F


Y2,t 2
γ

 .
+ SM3 − H(3) +
(9)
2
γ 
F

Unlike (6), (9) usually does not have a closed-form
solution because D and S are not identities, which precludes direct application of singular-value thresholding.
To overcome this difficulty, we propose to linearize
the quadratic terms, thereby solving the problem while
guaranteeing convergence. This linearization, coupled
with an adaptive rule for updating the penalty parameter,
has been widely deployed to derive approximate solutions with closed form for subproblems considered in
ADMM [25]. Specifically, let h(M3 ) equal the sum of
the quadratic terms in (9):

2
μ
Y3,t 


h(M3 ) = X(3),t − M3 +
2
μ F


Y1,t 2
β

+ 
D
−
L
+
M
3
(3)
2
β F


Y2,t 2
γ

 .
+ SM3 − H(3) +
2
γ F

(4)

which we can rewrite as
Lμ,β,γ (X , M1 , M2 , M3 , Y1 , Y2 , Y3 , Y1 , Y2 )
3
3


 
1 
1 
Y 2 − 1 Y 2
Yk 2F −
=
αk Mk ∗ −
1 F
2 F
2μ k=1
2β
2γ
k=1
2

2
3 
μ 
Yk 
β
Y1 




M3 D − L(3) +
X(k) − Mk +
+
+
2 k=1 
μ F 2 
β F

2
γ
Y2 

 .
+ SM3 − H(3) +
(5)
2
γ F
Optimization problem (3) is then solved iteratively via (5) with
the following subproblems:
1) Update Mk for k = 1 and 2 via

2
μ
Yk,t 

 .
Mk,t+1 = arg min αk Mk ∗ + X(k),t −Mk +
Mk
2
μ F
(6)
Problems of the form of (6) have a closed-form solution
via the singular-value thresholding operator [29]
 
Dτ (X) = USτ  V H
(7)
where X = UV H is a singular-value decomposition
of matrix X, and the matrix-valued shrinkage operator Sτ [X] is the scalar shrinkage operator Sτ [x] =
sgn(x) max{|x| − τ, 0} applied to each element of X.
Therefore, Mk is updated as follows:
Mk,t+1 = D αμk X(k),t +

Yk,t
, k = 1, 2.
μ

(8)

(10)

Then, by linearizing, we have


h(M3 ) ≈ h(M3,t ) + ∇h(M3,t ), M3 − M3,t
2
τ
+ M3 − M3,t  F (11)
2
where τ > 0 is a proximal parameter, and ∇h(M3,t ) is
the gradient of h(M3 ) at M3,t which is
Y3,t
μ
Y1,t
+ β M3,t D − L(3) +
DT
β
Y
+ γ ST SM3,t − H(3) + 2,t . (12)
γ

∇h(M3,t ) = −μ X(3),t − M3,t +

Particularly, τ is computed via imposing a Lipschitz
continuity constraint on h(M3 ), yielding




τ = μ+β DDT 2 + γ ST S2 .
(13)
Replacing the quadratic term in (9) with (11) gives
M3,t+1
= arg min α3 M3 ∗ + h(M3,t )
M3
2
 τ

+ ∇h(M3,t ), M3 − M3,t + M3 − M3,t  F
2
(14)
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which can then be rewritten as
M3,t+1
= arg min α3 M3 ∗ + h(M3,t )
M3

2
2

τ
∇h(M3,t ) 

 − 1
M
+ 
−
M
+
∇h(M3,t ) .
3
3,t


F
2
τ
2τ
F
(15)
Introducing singular-value thresholding, the update rule
for M3 becomes
M3,t+1 = D ατ3 M3,t −

∇h(M3,t )
τ

(16)

or
M3,t+1 = D ατ3 M3,t +

μ
Y3,t
X(3),t − M3,t +
τ
μ

−

Y
β
M3,t D − L(3) + 1,t DT
τ
β

−

Y
γ T
S SM3,t −H(3) + 2,t
τ
γ

. (17)

3) Update X : We have


X(k),t+1 = arg min Yk,t , X(k) − Mk,t+1
X(k)


μ
X(k) − Mk,t+1 2 (18)
F
2
for k ∈ {1, 2, 3}, which can be rewritten as

2
μ
Yk,t 
 . (19)
X(k),t+1 = arg min 
−
M
+
X
(k)
k,t+1
X(k) 2 
μ F
+

The closed-form solution of (19) is
X(k),t+1 = Mk,t+1 −

Yk,t
.
μ

(20)

Hence, we have ultimately
1
foldk X(k),t+1
3 k=1
3

Xt+1 =

1
Yk,t
foldk Mk,t+1 −
.
3 k=1
μ
3

=

(21)

4) Update Yk for k ∈ {1, 2, 3} as well as Y1 , and Y2 :
Yk,t+1 = Yk,t + μ X(k),t+1 − Mk,t+1

(22)

Y1,t+1 = Y1,t + β M3,t+1 D − L(3)

(23)

Y2,t+1 = Y2,t + γ SM3,t+1 − H(3) .

(24)

The final optimization procedure for the proposed LRTA
fusion framework is presented in Algorithm 1. We note that
we initialize the algorithm with an estimation of X created by
a bicubic interpolation of HSI L with the ratio R = M/M
applied in each spectral band; this initial X is then used to
initialize each Mk via unfolding.
We now consider the convergence of the proposed LRTA.
As the trace norm defined in (1) is a convex proxy for rank,
the objective function considered in the fusion problem (3)

5

Algorithm 1 The LRTA HS-MS Fusion Algorithm for (3)
1: Input: HSI L, MSI H, PSF D, PSK , and SRF S;
parameters αk , μ, β, γ , Tmax ;
2: Initialization: Y1,0 = Y2,0 = Yk,0 = 0, k ∈ {1, 2, 3};
η1 = 10−4 , η2 = 10−5 ; t = 0;
3: Xt = interpolation(L, R, “bicubic”);
4: Mk,t = unfoldk (Xt ) for k ∈ {1, 2, 3};
5: repeat
6: update Mk,t+1 via (8) for k = 1, 2;
7: update M3,t+1 via (17);
8: update Xt+1 via (21);
9: update Lagrange multipliers Yk,t+1 , Y1,t+1 and Y2,t+1 via
(22), (23), and (24);
10: t ← t + 1;
 


11: until max M3,t D − L(3) F , SM3,t − H(3) F < η1 and
Xt − Xt−1  F < η2 or t > Tmax ;
12: return X = Xt .

is convex, but not differentiable. However, based on block
coordinate descent theory, the introduction of variables Mk
in the augmented Lagrangian (4) leads to closed solutions for
both X [i.e., (21)] and Mk [i.e., (8) and (17)] [22], [29].
C. Extension to Stripe Noise or Other Missing Values
The estimation of missing values within degraded visual
data sets has arisen in many applications (e.g., [22], [29], [30]).
Specifically in the remote-sensing area, the HSI tends to be
degraded with missing stripes due to dead sensor elements
being swept across the scene in pushbroom acquisition. Other
malfunctions during the acquisition process may give rise to
other missing values due to dead pixels in a line or across a
patch; additionally, various outliers may be identified within
the image as well as [31], or portions of the image may
be obscured by cloud cover. We now generalize the LRTA
HS-MS fusion framework discussed above in order to fuse
HSI with MSI while recovering corrupted regions within
the HSI.
Specifically, let us suppose that the values of HSI L in the
set  are known while the remaining elements are missing,
which is denoted as L . The operation that maps L into L
is denoted as L = W  L, where W is a binary indicator
tensor, where W is 0 denotes that the corresponding HSI value
is missing, while 1 means the HSI value is present and known.
We note that, in real applications, such as for MODIS and
Landsat products, poor-quality data can often be identified
via provided quality-assurance (QA) layer documents, which,
in turn, can be used to determine W [32].
Under this missing-value scenario, we generalize (3) as
min
X

3




αk X(k) ∗

k=1

s.t. W(3)  X(3) D = (W  L)(3) and SX(3) = H(3) .
(25)
The solution to (25) is very similar to that outlined above for
the original problem (3). Specifically, the update of M3 in (9)
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is revised to
M3,t+1


2
μ
Y3,t 

X
= arg min α3 M3 ∗ + 
−
M
+
(3),t
3
M3
2
μ F


Y1,t 2
β


+ W(3)  M3 D − L(3) +
2
β F


Y2,t 2
γ
 .
SM
+ 
−
H
+
(26)
3
(3)
2
γ F

Following a linearization strategy similar to that which produced (17) yields
M3,t+1 = D ατ3 M3,t −

∇g(M3,t )
τ

(27)

where the gradient ∇g(M3,t ) is
∇g(M3,t ) = −μ X(3),t − M3,t +

Y3,t
μ

+ β W(3)  M3,t D − L(3)
+ γ ST SM3,t − H(3) +


Y1,t
+
DT
β

Y2,t
.
γ

(28)

Additionally, the update of Y1,t+1 in (23) is revised to
Y1,t+1 = Y1,t + βW(3)  M3,t+1 D − L(3) .

(29)

The other steps of Algorithm 1 remain unchanged.
IV. E XPERIMENTAL S TUDY
We now compare the LRTA approach proposed in
Section III to several classic and state-of-the-art HS-MS fusion
algorithms. To maximize the fairness and transparency of
the comparison, we first analyze the resolution-enhancement
performance of all methods both quantitatively as well as
visually. Then, we further verify the restoration ability of the
proposed LRTA for the case in which the HSI is degraded
with stripe noise. Specifically, we compare with coupled
nonnegative matrix factorization (CNMF) [33], HySure [7],
coupled sparse tensor factorization (CSTF) [6], and low tensor
multi-rank regularization (LTMR) [12]. CNMF and HySure
are representatives of more classical techniques that rely on
matricization of the HSI and MSI image cubes. In the former,
nonnegative matrix factorization is applied to matrix versions
of both image cubes, and the factors interchanged to complete
the fusion, while, in the latter, linear unmixing factors the
matricized HSI within a convex optimization regularized by
total variation. We also compare with CSTF and LTMR, both
of which are tensor-based methods. CSTF is representative of
the common tensor-decomposition approach to fusion which
involves the estimation of three-factor matrices and a corresponding sparse core tensor with dictionary learning applied to
produce the factor matrices. Finally, LTMR is a recent tensorbased technique not driven by tensor decomposition; instead,
a low tensor multi-rank regularization is applied to a subspace
learned from the HSI along with patch clustering applied to
the MSI to produce the fused image.

A. Experimental Data Sets
To gauge the performance of the proposed LRTA HS-MS
fusion algorithm, two synthetic data sets and one real data set
from different categories of scenes (e.g., vegetation, urban,
suburban) are considered, featuring different geographical and
sensor characteristics. The well-known Pavia University and
Indian Pines HSI data sets are used to create synthetic data for
fusion, while the Zhangye data set consists of a real, co-located
HSI/MSI image pair. Each of these data sets are described
below.
1) Synthetic Data Sets: The Pavia University data set2 was
acquired by a Reflective Optics System Imaging Spectrometer (ROSIS) sensor over the University of Pavia in northern
Italy. The original data has 610 × 610 pixels with 103 spectral
bands. However, some of the pixels were discarded before
use as they contain no information. The commonly used
version covers 610 × 340 pixels with spectral wavelength
range of 430–860 nm and 1.3-m spatial resolution. Ninety
three spectral bands are preserved after removing the waterabsorption bands, and the top-left 256 × 256 × 93 subimage
of data set is adopted as the reference imagery.
The Indian Pines data set [34] was gathered by an
Airborne Visible/Infrared Imaging Spectrometer (AVIRIS)
sensor in northwestern Indiana. The image comprises
145 × 145 pixels and covers 224 spectral bands with a wavelength range of 400–2450 nm and a 20-m spatial resolution. Two-thirds of agriculture region and one-third of forest
region or regions of natural perennial vegetation constitute the
majority of the scene. The available 220 spectral bands were
reduced to 200 bands by removing water-absorption bands
(bands 104–108, 150–163, and 220).
In prior literature, the Pavia University and Indian Pines
data sets are frequently used as reference images for both
qualitative and quantitative assessments of HS-MS fusion
(e.g., [3]). A typical approach applies sensor simulations both
spatially and spectrally to the original HSI to generate artificial
HSI and MSI cubes, respectively; the original HSI image is
then treated as the ground-truth reference HS2 I for quantitative
comparisons.
Specifically, spatial simulation is performed to generate the
low-spatial-resolution HSI using the R × R PSK ; here,
we use both a spatial Gaussian as well as a simple block
average as ; downsampling ratios R of both 8 and 4 are
evaluated to correspond to different levels of spatial resolution.
Spectral simulation is performed to generate the MSI by
degrading the reference image in the spectral domain using a
filter. For Pavia University, an IKONOS-like spectral-response
filter is used to generate a 4-band MSI as was done in [12].
For Indian Pines, a uniform spectral-response filter corresponding to Landsat TM bands 1–5 and 7 generates the MSI,
which covers the spectral regions 450–520, 520–600, 630–690,
760–900, 1550–1750, and 2080–2350 nm, respectively, as was
done in [33].
2) Real Data Set: The Zhangye data set consists of a real
co-located pair of HSI and MSI image cubes captured by an
2
http://www.ehu.eus/ccwintco/index.php?title=Hyperspectral_Remote_
Sensing_Scenes
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airborne hyperspectral imaging system over a suburban area
of Zhangye, Gansu Province, China. The acquired HSI and
MSI cover the visible and near-infrared spectrum, ranging over
383–1055 nm. The HSI has 48 spectral bands, whereas the MSI
has 4 bands. The spatial size of the HSI is 1201 × 200 pixels,
whereas the MSI has size 6001 × 1001 pixels, corresponding
to a spatial resolution of 5 m and 1 m, respectively. In our
experiments, we crop a 400 × 400-subimage from the HSI and
a corresponding 80 × 80-subimage from the MSI, choosing an
area which contains substantial detail and texture content.
B. Image-Quality Assessments
Since the original Pavia University and Indian Pines data
sets provide a reference HS2 I, we can employ a variety
of full-reference image-quality measures to quantitatively
gauge performance of the fusion techniques under consideration. Specifically, we use peak signal-to-noise ratio (PSNR),
root mean square error (RMSE), spectral angle mapper
(SAM), the dimensionless global relative error of synthesis
(ERGAS) [35], the universal image quality index (UIQI) [36],
and the structural similarity index measure (SSIM) [37].
We note that PSNR, ERGAS, UIQI, and SSIM are 2-D imagedistortion measures; here, we calculate these measures for
each spectral band and then average the results across all
bands. On the other hand, SAM is defined between two
hyperspectral pixel vectors; we thus average SAM across all
pixel vectors in the image. Finally, we note that higher PSNR,
UIQI, and SSIM values imply better-quality fusion, whereas
lower RMSE, SAM, and ERGAS values correspond to the
better results.
C. Parameter Tuning
We now analyze the effect of various parameters on the performance of LRTA before turning our attention to comparison
with the other techniques. In the proposed LRTA, two groups
of parameters must be considered: trace-norm parameters αk
and penalty parameters μ, β, and γ .
The αk parameters in (3) control the relative intensity of
the low-rank constraints on each mode of the fusion result X .
Hence, the values of αk can influence the fusion and restoration
results significantly. In [22], which considers traditional RGB
imagery, the authors set α1 = α2 = α3 = 1/3 and do
not discuss them further. In contrast, for HSI, the αk values
relate to the rank in both spatial and spectral directions, and
there have been several works [10], [38], [39] which focus on
estimating these ranks. As is common, we set α1 equals to
α2 as they both correspond to spatial directions and note that,
typically, for HSI, the spatial-mode ranks are much larger than
that of the spectral mode [10], [38]. We follow [10] in setting
the weights as

Imax
, k ∈ {1, 2, 3}
(30)
αk = ωk
Ik
where Ik is the size of X on each mode, that is, (I1 , I2 , I3 ) =
(M, N, D), Imax = maxk (Ik ), and ωk is a ratio parameter.
The tuning of ωk is illustrated in Fig. 2, wherein we fix ω3 to

Fig. 2. Tuning of ω1 = ω2 for LRTA. (a, b) Indian Pines; (c, d) Pavia
University. Red: 4 × 4 average ; Blue: 4 × 4 Gaussian .

be 100, and tune such that ω1 = ω2 . Four cases are considered
during the tuning for each data set: Fig. 2(a) and (c) is pure
HS-MS fusion result wherein the HSI is degraded spatially by
only the average or Gaussian kernel without missing values
(see Section IV-D for details), while Fig. 2(b) and (d) combines
fusion and restoration, wherein the HSI is degraded the spatial
kernels as well as missing values (see Section IV-E). It can
be observed that in all situations, performance for values
ω1 , ω2 ≤ 0.1 shows little variation, whereas performance falls
off dramatically in all cases for ω1 , ω2 ≥ 2.0. With a goal
to set ω1 and ω2 such that universally good performance
is achieved, we would want to choose a value in the range
ω1 , ω2 ∈ [0.1, 2.0]. Accordingly, we set ω1 = ω2 = 1.0 for
the remainder of the experimental results, which is the same
choice made in [10]. The final αk values
 are then obtained via
(30) and then normalizing such that 3k=1 αk = 1.
As for the LRTA penalty parameters, μ controls the weighting of the fidelity term in (4), while parameters β and γ control
the tradeoff between spectral and spatial information in (4).
As such, penalty parameters typically relate more to the speed
of convergence than to the final optimization result, we seek
appropriate values that yield convergence without excessive
iteration. To this end, we arbitrarily set μ = 0.01 and then tune
β and γ over 100 iterations, choosing values for both from the
set {0.01, 0.05, 0.1, 0.5, 1.0, 5.0}. The resulting relative mean
error is depicted in Fig. 3, indicating performance is near
optimal for both data sets between 0.5 and 1.0, so we set
β = γ = 0.5 for the remainder of the experiments. We note
that these nonzero values of β and γ demonstrate that the
spatial and spectral terms in (4) impact the performance of
LRTA as intended.
Finally, Fig. 4 illustrates convergence of LRTA in terms
of the RMSE. We observe that LRTA largely reaches convergence after about 30 iterations for the two synthetic data
sets. Consequently, we double this for a margin of error,
setting Tmax = 60 in Algorithm 1 for the remainder of the
experiments.
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TABLE I
F USION P ERFORMANCE FOR THE S YNTHETIC D ATA S ETS
C REATED U SING THE VARIOUS PSK O PERATORS 

Fig. 4. Convergence in terms of relative mean error for two synthetic data
sets. Indian Pines: orange, Pavia University: blue.

D. Results and Analysis on Spatial Resolution Enhancement

Fig. 3. Tuning of parameters γ and β for LRTA over 100 iterations. (a) Indian
Pines, (b) Pavia University. Note: for visualization purposes, the figures plot
the reciprocal of relative mean error (i.e., larger is better).

As for the fusion methods to which we compare, the parameters of CNMF and HySure are adjusted as reported
in Table III of [3]. For the tensor-based CSTF, we use the
parameters determined in [6] (i.e., the number of dictionary
atoms are set as n s = 12 and n w = n h = 240). Finally, for
LTMR, the parameters are set as discussed in [12] (i.e., patch
size of 7 × 7; K = 201 groups).

Table I tabulates quantitative performance of the various
algorithms on the two synthetic data sets. It can be observed
that the proposed LRTA achieves the best performance across
all the cases. Furthermore, the fusion results are depicted
visually in Figs. 5 and 6 wherein we observe that the proposed
LRTA achieves better representation of spatial edge and texture
details while more successfully achieving an HS2 I with a
satisfactory high spatial resolution and spectrum preservation.
Table I as well as Figs. 5 and 6 also include, as a simple
benchmark, straightforward spatial bicubic interpolation of the
HSI to produce a high-resolution HS2 I (denoted as “Bicubic”),
which, unsurprising, yields uniformly poor performance.
We now investigate performance of the various fusion
algorithms on a real HSI/MSI pair using the Zhangye data set.
In the preceding synthetic experiments, we had known spatial
and spectral sensor observation models; however, in real
applications, these are rarely known exactly. Consequently,
we must estimate both the PSF as well as the SRF from the
observed MSI and HSI data pair. Here, we use the estimation
method proposed in [7] to estimate the SRF. For the PSF,
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Fig. 5. Pseudocolor visualization of fusion results for the Pavia University data set; pseudocolor composed of bands 45, 15, and 20. Colorbar gives the scale
for the error maps. “Bicubic” indicates simple spatial bicubic interpolation applied to the HSI to generate the HS2 I. Detailed subimages are enlarged in red
squares.
TABLE II
E XECUTION T IME (I N Seconds) FOR THE T WO S YNTHETIC D ATA S ETS

cost of CSTF is much higher than that of other techniques
due to the dictionary learning on each mode. The proposed
LRTA achieves a satisfactory fusion result with significantly
less computation than LTMR or CSTF, the other tensor-based
methods under consideration.
E. Experimental Results and Analysis on Restoration Ability

we simply adopt a 5 × 5 average kernel. Due to the lack of a
reference image, quantitative results are not possible; we thus
illustrate the fusion results visually in Fig. 7. We observe that
all methods achieve satisfactory fusion results.
Table II summarizes the computational complexity of the
fusion methods under consideration. All experiments were
carried out using MATLAB on an Intel® Core i7-4970 computer with 16 GB of memory. Note that the computational

Under the situation wherein the HSI is degraded by stripes
(or random noise, or missing data across a spatial patch),
fusion methods should be noise resilient. Here, we demonstrate
that the proposed LRTA fusion is capable of recovering
corrupted data during the HS-MS fusion process. We remark
that matricization-based approaches—such as CNMF and
HySure—cannot remove noise; hence, independent denoising
must be applied as preprocessing to the HSI before fusion
for these methods. Similarly, although CSTF and LTMR can
remove additive Gaussian noise, they cannot complete missing
values due to striping or other sensor failures which must also
be corrected via preprocessing.
For the experimental results here, we generate artificial
stripes within the HSI. Specifically, stripes are added according
to the process outlined in [24]. Given an HSI L of size
M × N × D, synthetic stripes are generated by randomly
selecting d N columns in a given band to be striped. In each
column to be striped, we choose a random value v and create
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Fig. 6. Pseudocolor visualization of fusion results for the Indian Pines data set; pseudocolor composed of bands 45, 15, and 20. Colorbar gives the scale
for the error maps. “Bicubic” indicates simple spatial bicubic interpolation applied to the HSI to generate the HS2 I. Detailed subimages are enlarged in red
squares.

Fig. 7. Pseudocolor visualization of fusion results for the Zhangye data set; pseudocolor composed of bands 25, 15, and 10. “Bicubic” indicates simple
spatial bicubic interpolation applied to the HSI to generate the HS2 I. “MSI” denotes a pseudocolor visualization of the original multispectral bands 4, 3,
and 2. Detailed subimages are enlarged in red squares.

the stripe by adding v to every pixel value in that column.
Here, d is the parameter that controls the spatial density of
the striping, 0 < d < 1, while v is the relative intensity

of a stripe. For each stripe, v is randomly chosen using a
uniform distribution over the range [−r, +r ]. Thus, parameter
r , 0 < r < 1, controls the overall intensity of the striping.
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Fig. 8. Restoration and fusion results of band 50 for the Pavia University data set under striping degradation of the HSI. Colorbar gives the scale for the
error maps. “Bicubic” indicates simple spatial bicubic interpolation applied to the HSI; “ASSTV+Bicubic” indicates description of the HSI via ASSTV prior
to bicubic interpolation. Detailed subimages are enlarged in red squares.
TABLE III
R ESTORATION & F USION P ERFORMANCE FOR THE S YNTHETIC D ATA S ETS C REATED U SING THE VARIOUS PSK O PERATORS 

This process is repeated independently in each of the D bands
of the HSI. Thus, the synthetic stripes are aperiodic spatially
and uncorrelated across the spectral bands.
For the techniques that must employ denoising preprocessing, we use anisotropic spatio-spectral total variation
(ASSTV) [40] to remove stripes in the HSI prior to fusion.

ASSTV treats the HSI as an entire spatial–spectral cube and
imposes total-variation optimization across both spatial and
spectral modes simultaneously; meanwhile, the total-variation
measure is anisotropic spatially in the sense that it exploits the
known directional nature of the stripes to remove them while
preserving image edges. We note that we use ASSTV since
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Fig. 9. Restoration and fusion results of band 50 for the Indian Pines data set under striping degradation of the HSI. Colorbar gives the scale for the error
maps. “Bicubic” indicates simple spatial bicubic interpolation applied to the HSI; “ASSTV+Bicubic” indicates description of the HSI via ASSTV prior to
bicubic interpolation. Detailed subimages are enlarged in red squares.

it is a relatively prominent description method that has been
extensively verified to be effective at removing comprehensive
stripes as well as random noise while preserving the edges and
detailed information; however, it would be feasible to employ
most other description or restoration methods as well.
For LRTA, we directly fuse the HSI and MSI without
any preprocessing, while for CNMF, HySure, CSTF, and
LTMR, we apply ASSTV to the striped HSI before fusion.
As additional, non-fusion-based benchmarks, we also consider
simple bicubic interpolation applied directly to the striped HSI
(denoted “Bicubic”) as well as bicubic interpolation applied
after ASSTV description of the HSI (“ASSTV+Bicubic”).
Table III tabulates quantitative recovery and fusion performance of the various algorithms on the two data sets using
r = 0.2 and d = 0.6 to model heavy dense stripes. From
Table III, it can be observed that LRTA is capable of
successfully fusing the HSI and MSI while simultaneously
recovering from the heavy striping that degrades the HSI,
as is evident from the fact that the PSNR values, for example,
for LRTA reported in Table III are only slightly lower than
the corresponding fusion-only results in Table I. On the other
hand, the PSNR values for the other fusion methods reported
in Table III are on the order of 5–15 dB lower than the
corresponding values in Table I. This conclusion is reinforced
by Figs. 8 and 9 which present the restoration plus fusion
results visually for a single spectral band. It can be observed
that while ASSTV+CNMF achieves a smooth result for the

Pavia University data set, it incurs a relatively high degree
of error for the Indian Pines data set. Meanwhile, the other
fusion-based methods exhibit significant blocking artifacts for
both data sets; we believe that this is due to patch- and
dictionary-based processing (LTMR and CSTF) as well as
nonorthogonal subspace bases (CSTF and HySure) which
permit smooth results in the optimization subspace to produce
nonsmooth results in the target HS2 I space. On the other
hand, LRTA achieves low reconstructed error with fewer visual
artifacts.
V. C ONCLUSION
In this article, we proposed the LRTA algorithm for simultaneous HSI restoration and spatial resolution enhancement
through HS-MS fusion, leveraging a low-rank tensor model
to couple the high spatial information from an MSI image to
the high spectral correlation emanating from an HSI image.
A tensor trace norm was adopted to impose low-rankness
spatially as well as spectrally, and a LADMAP-driven solution was devised. While tensor-based fusion has appeared
in prior literature, typical approaches resorted to a tensor
decomposition that often led to a complicated patch-based
dictionary-learning fusion hindered by the lack of a tensor
equivalent to Parseval’s theorem. In contrast, the proposed
LRTA exploits concepts from the field of tensor completion to
directly impose a low-rank property spatially and spectrally on
the target HS2 I while avoiding the computationally complex
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patch clustering and dictionary learning common to competing
techniques. Additionally, small modifications to the basic
LRTA optimization resulted in a fusion process robust to
missing HSI values such as those that can result from heavy
striping in real hyperspectral sensors. In experimental results
on both synthetic imagery as well as real imagery from an
actual hyperspectral sensor, the proposed LRTA algorithm
demonstrated effective fusion as well as preservation of both
spatial details and texture, yielding significantly improved
image quality when compared to other state-of-the-art fusion
methods, along with effective restoration under conditions of
HSI striping.
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