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Semi-realistic Simulations of Natural
Hyperspectral Scenes
Zhipeng Hao, Mark Berman, Yi Guo, Glenn Stone, and Iain Johnstone

1) estimating the “intrinsic” dimensionality of the data [2]–
[5], 2) introducing a new blind unmixing/endmember estimation algorithm [6]–[10] or 3) both [11]. All the simulations are
based on the linear mixture model, which we now outline. Let
Xi , i = 1, ..., N , denote the d-dimensional vector of observations at pixel i (out of N ) in a hyperspectral image. Under the
linear mixture model, if there are M (< N ) spectrally distinct
materials in the image, then
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Abstract—Many papers in the hyperspectral literature use simulations (based on a linear mixture model) to test algorithms,
which either estimate the “intrinsic” dimensionality (ID) of the
data or endmembers. Usually, these simulations use “real-world”
endmembers, proportions distributed according to a uniform or
Dirichlet distribution on the endmember simplex, and Gaussian
errors which are “spectrally” and “spatially” uncorrelated. When
the error standard deviations (SDs) in different bands are assumed
to be unequal, they are usually estimated using Roger’s method.
The simulated and real-world data in these papers are so different
that one cannot be confident that the various advocated methods
work well with real-world data. We propose a general methodology which produces more realistic simulations, providing us with
greater insights into the strengths and weaknesses of various advocated methods. With the aid of the well-known Indian Pines
and Cuprite scenes, we compare several specific options within the
proposed methodological framework. We also compare the performance of five well-known ID estimators using both real and
simulated datasets and demonstrate that Roger’s SD estimates are
positively biased. A proof that Roger’s estimates are always positively biased is given.

I. INTRODUCTION

IEE

IMULATION is useful for assessing the performance of
algorithms in many fields. This is especially true of hyperspectral remote sensing data, where ground-based validation
of such algorithms is typically costly and time consuming. The
hyperspectral remote sensing literature is dominated by two
broad simulation approaches. The first, captured in the Digital
Imaging and Remote Sensing Image Generation model, uses
sophisticated radiometric and geometric models of real-world
scenes to reconstruct closely those scenes [1]. This approach is
particularly useful for modeling 3-D objects such as buildings
and trees.
The second approach is not based on real-world scenes. It
is found in the hyperspectral literature concerned with linear mixture models. These papers are concerned with either
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wij Ej + ǫi ,

i = 1, . . . , N

(1)

j=1

where (i) Ej , j = 1, . . . , M , are the “endmembers” (i.e., pure
materials); (ii) wij are nonnegative weights; and (iii) ǫi are error
terms. The errors are typically a combination of instrumental
noise, natural variation in spectra representing the same material, and small nonlinearities in the mixing. M is sometimes
called “virtual dimensionality” (VD) [2] and sometimes called
“intrinsic dimensionality” (ID) [5], [12]. We shall use the latter
term.
Often the weights in (1) are also constrained to be proportions,
i.e.,
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Index Terms—Dimensionality, endmembers, hyperspectral,
linear mixture model, simulation.

Xi =

M
X

wij = 1,

i = 1, . . . , N.

(2)

j=1

For ease of exposition, we will assume that (2) is satisfied
throughout the paper. Small modifications are required when
it is not satisfied. Note however that, when it is satisfied, the
M endmembers define a simplex in an (M − 1)-dimensional
subspace. For instance, when M = 3, the endmembers define a
triangle in a 2-D subspace.
The simulations in the ten above-mentioned references vary
according to how the three components are chosen. For (i), all
use “real-world” endmembers, usually chosen from the USGS
or JPL spectral libraries, or other sources [2], [4], [10]. For (ii),
the proportions are mostly chosen to be spatially uncorrelated.
The proportion distribution is either “random” [2], [5], [10],
distributed uniformly [4], [11], or according to a Dirichlet distribution on the simplex defined by the endmembers [3], [7],
[9]. In two of these papers [9], [11], the maximum proportions
of some endmembers are restricted to being less than 1, modeling the common situation where some materials in a scene
are never pure. Papers [6] and [8] incorporate some spatial information. For (iii), all assume Gaussian errors (as shall we in
our simulations). Most assume that the errors are “spectrally”
and “spatially” uncorrelated. Papers [6]–[11] all assume that
the error standard deviations (SDs) in all the bands are equal.
Papers [2]–[5] assume that they are different. The first three
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this is always so. In Appendix B, we also develop some theory,
which suggests that the average bias depends on the ratio M/d.
As this ratio becomes larger, the bias also tends to become larger.
The theory is supported by our simulations.
II. GENERAL METHODOLOGY AND SOME OPTIONS
The general methodology is straightforward. One chooses a
real-world scene of interest and applies 1) a method to estimate
its dimensionality (M̂ ) and 2) a method to produce M̂ endmember estimates (Êj , j = 1, . . . , M̂ ). One can then estimate
the weights, ŵij , usually by least-squares (LS) estimation (with
constraints determined by the assumed weight constraints). All
these estimates can be plugged into (1) to produce an estimated
“true” or “target” image. Finally, the simulated image is produced by adding simulated errors δi , following the assumed
error distribution, to the “target” image:
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papers use a (nonspatial) multivariate method suggested by
Roger [13] to estimate the SDs, while paper [5] uses a method
based on finding homogeneous areas in the scene [14]. For nine
of the above-mentioned references, M varies between 3 and 10;
one of the simulations carried out by Bioucas-Dias and Nascimento [3] has M = 15. For the ten references, N varies between
150 and 10 000.
The above-mentioned papers apply their advocated dimensionality or endmember estimation methods to one or more
real-world scenes, in most cases one of the AVIRIS scenes of
the Cuprite mining district, but also other scenes [2], [3], [5],
[10]. Apart from one of the real-world datasets analyzed by
Somers, Zortea, Plaza, and Asner [10] (for which N = 2700),
the number of pixels in the remaining real-world datasets varies
between 21 025 and 122 500, so they are considerably larger
than the simulated data sets. The estimated values of M , using one or more of the methods presented in [2]–[5], are, with
two exceptions (see [2] and [6]), all greater than 10 and in
some cases greater than 20. This reflects the obvious principle
that larger (real-world) datasets tend to contain more materials. In this age of “big data,” M will tend to become bigger
as real-world datasets become bigger! This illustrates obvious
differences between the simulated and real-world datasets in
the above-mentioned papers. However, the endmembers and
the spatial distribution of the proportions also differ. Therefore,
in our opinion, the simulated and real-world data in these papers are so different that we cannot really be confident that the
various advocated methods work well with real-world data.
In this paper, we propose a general simulation methodology
which, while not as sophisticated as a physics-based approach
[1], produces simulations which are more like real-world data
and provide us with greater insights into the strengths and weaknesses of various ID and endmember estimation methods. We
believe that the methodology is potentially useful for simulating
“natural” scenes (i.e., those dominated by vegetation, minerals
and soils, rather than buildings), where the main interest is in
knowing what materials are in a scene, and where and how
much they are present. The general methodology is outlined
in Section II. Various options within the general framework
are also considered. This includes a comparison with methodologies in two recent papers [15], [16], which are similar to
ours, but which do not go as far as we propose. In Section III,
we describe five well-known ID estimation methods, all of
which rely on various eigendecompositions of the data, while in
Section IV, we introduce another concept, which we call “effective intrinsic dimensionality” (EID). In some cases, some of the
“signal” eigenvalues are smaller than the “noise” eigenvalues.
It is unreasonable to expect an eigenvalue-based ID estimation
method to identify these. EID represents this concept mathematically. In Section V, we apply the five ID estimation methods
to two real-world datasets and to simulated versions of them
over a plausible range of values of M , and discuss the results.
General conclusions are drawn and future work is discussed
in Section VI.
One consequence of our “real-world” approach to simulation
is the observation that Roger’s method for estimating the band
error SDs is positively biased. In Appendix A, we prove that

Yi =

ŵij Êj + δi ,

i = 1, . . . , N.

(3)

j=1

A similar approach to ours is adopted by Gao, Du, Zhang,
Yang, and Wu [15]. They apply one of the three VD methods introduced in [2] (but do not state which one) to a 500 × 500
AVIRIS Cuprite subscene to estimate M and estimate the
endmembers using N-FINDR [17] in minimum noise fraction
(MNF) space [18]. They then produce the target image in a similar manner to ourselves. Spectrally uncorrelated errors are then
added to the target image, using signal-to-noise ratios (SNRs),
which are constant across the bands. They compare a number of error (“noise”) estimation methods using two metrics
based on the difference between the target and estimated errors at each pixel. They do not estimate band error variances
themselves.
In [16], N-FINDR [17] is applied to a 350 × 350 AVIRIS
Cuprite subscene, given M , which ranges from 5 to 40 in their
simulations. They do not specify whether N-FINDR is run in
MNF or some other space. They add spectrally uncorrelated
errors, whose variances are both constant and variable. They
also investigate the impact of correlated errors. We will not
investigate correlated errors in this paper, although we do intend
to investigate these in the future. The focus of [16] is to compare
the performance of different ID estimation methods using both
simulated and real data.
Although our general methodology is somewhat similar to
those of [15] and [16], our philosophy is somewhat different.
Our objective is to make our simulations as close as possible to
real-world scenes by 1) visual inspection of principal component (PC) images (after “whitening” the data), and 2) making the
eigenvalues of the real and simulated images as similar as possible. The second aim is particularly important because methods
such as VD [2], RSSE [4], and random matrix theory (RMT)
[5] are all based on the eigenvalues. If we can make the eigenvalues of real-world and simulated images as close possible,
especially for indices equal to and near the true ID, then we
are in a stronger position to compare different dimensionality
estimation techniques with real data.
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With our objective in mind, the approaches of [15] and [16]
raise the following questions: 1) Do the errors in real-world
datasets have either constant variance or constant SNRs across
bands? 2) How important is the space in which the endmembers
are found? 3) How important is the endmember estimation algorithm used? We will at least in part address questions 1 and
3 here, with the aid of two well-known scenes: the relatively
small 145 × 145 Indian Pines scene (N = 21 025) and the much
larger 512 × 614 Cuprite scene f970619t01p02_r02_sc03.a.rfl
(N = 314 368). For both scenes, some bands have been excluded due to water absorption or noise. For Indian Pines, bands
104–110, 149–165, and 218–220 have been excluded, leaving
193 (out of 220) bands. For Cuprite, bands 1, 2, 104–114, 153–
174, and 221–224 have been excluded, leaving 185 (out of 224)
bands.
A. Error Variance Assumptions

2
=
σ̂ǫ,j

N
X
i= 1

ǫ̂2ij /N,

EP

Various methods have been proposed for estimating band error variances. In a forthcoming paper, using simulations similar
to those described here, we demonstrate that Roger’s method
gives much better estimates of error variances than do a variety
of spatial methods. This is consistent with observations in [3]
and [16] and results in [15]. Roger’s method [13] performs a
linear regression of each of the d bands on the remaining d − 1
bands and estimates the variance of each band using the residuals from the fits. Specifically, let ǫ̂ij , i = 1, . . . , N ; j = 1, ..., d,
denote the error in the ith pixel when regressing band j on the
remaining d − 1 bands. Roger’s estimator of the error variance
in band j is
j = 1, . . . , d.

(4)

IEE

Some properties of this estimator are given in Section II-C.
Technical details are given in the Appendixes.
Fig. 1(a) and (b) shows Roger’s estimates of the band error
SDs for the Indian Pines and Cuprite images. We also show
the mean (±2 SDs) for the SDs of the corresponding simulated
images. For Indian Pines, 100 simulations have been used with
M̂ = 20, while for the larger Cuprite scene, only 40 simulations
have been used with M̂ = 36. These values of M̂ have been
chosen for illustrative purposes only and as initial approximate
estimates of the true value of M . Further reasons for choosing
these values are given in Section V. The main point here is to
show that the error variances are not constant.
What about the assumption of constant SNR? We will use the
following common definition for the SNR in band j:
SNR j = 10 log10 {Var(sj )/Var(ǫj )}

(5)

2
where Var(sj ) and Var(ǫj ) ≡ σǫ,j
are the variances of the signal
and error components, respectively for band j. The usual estimate of Var(sj ) is just the sample variance in band j. We will
use Roger’s estimates of Var(ǫj ), given by (4). The estimated
SNRs for the Indian Pines and Cuprite datasets are shown in
Fig. 2(a) and (b), respectively. In our simulations, we have assumed Gaussian errors, which are both spectrally and spatially
uncorrelated, and with SNRs given by those in Fig. 2(a) and (b).

Fig. 1. SDs for real Indian Pines and Cuprite images, and mean (±2 SDs)
for SDs of corresponding simulated images. (a) Indian Pines (M̂ = 20, 100
simulations). (b) Cuprite (M̂ = 36, 40 simulations).

We will refer to these as “variable SNR” simulations. For comparison purposes, we have also simulated Gaussian errors with
constant SNRs with the values given by the horizontal lines (the
average SNR) in Fig. 2(a) and (b).
B. Which Endmember Estimation Algorithm Should Be Used?
Given M̂ , both [15] and [16] use N-FINDR [17] to estimate the endmembers. N-FINDR finds the simplex of maximum
hypervolume with M vertices, constrained to lie among the data
points, typically in a subspace of dimensionality M − 1 (e.g.,
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all the data in the first M − 1 PC or MNF bands is signal (i.e.,
with no errors). However, if this endmember estimation method
is used, it is particularly simple to produce the target image (3).
Note that, in this case, any simplex with M vertices which completely encloses the projected data in the (M − 1)-dimensional
subspace has zero error in that subspace. As a simple example,
when M = 3, this simplex will be any triangle enclosing all
the (projected) data. In this case, the target image (the signal
component of (3)) can be reconstructed directly from the first
M − 1 PC or MNF bands, with no constraints on the weights.
Several algorithms, which aim to steer a middle course between the “extremes” of N-FINDR and MVT, have been developed. We will use the iterated constrained endmembers (ICE)
algorithm [22]. This uses a regularized LS fit of (1) (typically
in MNF space), where the regularizing function is proportional
to the total variance of the endmembers.
We have simulated both the Indian Pines and Cuprite datasets
for a range of values of M̂ (discussed in Section V) using both
MVT and ICE to estimate the endmembers in (3). The errors
δi in (3) are uncorrelated with different SDs, assuming either a
variable or constant SNR [see Fig. 2(a) and (b)], estimated from
the real data using Roger’s method [13]. Figs. 3 and 4 show
the eigenvalues for one of the simulated Indian Pines (M̂ = 20)
and Cuprite (M̂ = 36) datasets using both ICE and MVT for
the simulations using variable SNR. For all the ICE simulations
shown in this paper, we have used its default regularisation parameter, 0.01. We have first “scaled” each real and simulated
image by dividing the data in each band by Roger’s estimate of
the band SD, so the SNR is variable. For each dataset, we plot
the first K (scaled) eigenvalues in plot (a) (where K is a little less
than M̂ ) and the remaining eigenvalues in plot (b). In plot (b), we
have also drawn a vertical line between the first M̂ − 1 “signal”
eigenvalues and the “noise” eigenvalues. In both Figs. 3(b) and
4(b), we see that the real scaled eigenvalues die away smoothly,
and that there is no obvious drop between the signal and noise
eigenvalues. This is commonly the case with real data. The ICE
eigenvalues reflect this behavior. However, the MVT eigenvalues do not; there is a very obvious drop between the “signal”
and “noise” eigenvalues. Any reasonable ID estimation method
ought to be able to detect this gap and give a perfect estimate
of M . The reason for this gap is the implicit (and unrealistic)
assumption made by MVT that there is no “noise” in the first
M − 1 (scaled) PCs. Consequently, we will only use the ICE
simulations for the rest of the paper.
Although the ICE eigenvalues behave more like the real eigenvalues than the MVT eigenvalues do, there are still some differences. There are at least two reasons for this. First, the values
of M̂ are a little too small. We will present evidence for this in
Section V. Second, Roger’s estimates of the band error variances
are too large. A careful examination of Fig. 1(a) and (b) suggests
that this is so. This is made clearer in Fig. 5(a) and (b), which
shows the mean (±2 SDs) of Roger’s estimates of the band error
SDs for the simulated datasets, each divided by their target SDs,
for the Indian Pines and Cuprite datasets, respectively. We will
call these the estimated relative SDs. The error bars are larger
for the Indian Pines scene because the image size (N = 21 025)
is much smaller than that of the Cuprite scene (N = 314 368).
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Fig. 2. Estimated SNRs for real Indian Pines and Cuprite images. (a) Indian
Pines. (b) Cuprite.

the first M − 1 PC or MNF bands). Because of this constraint,
N-FINDR implicitly assumes that pure versions of all the endmembers exist in the data itself. In our opinion, this assumption
is unrealistic. In the last 20 years or so, many endmember estimation algorithms, which seek to overcome this problem have
been proposed; [11, Sec. IV.B] provides a good review of these.
Probably, the oldest of these is called the minimum volume transform (MVT) [19]. Since then, there have been several algorithms proposed to calculate the MVT [7], [20], [21].
Unlike N-FINDR, MVT finds the simplex of minimum hypervolume with M vertices, constrained to totally enclose the data
projected onto the (M − 1)-dimensional subspace inside the
simplex. This algorithm is unrealistic because it assumes that
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Fig. 3. Indian Pines: Real and simulated ICE and MVT scaled eigenvalues
(variable SNR, M̂ = 20). (a) Eigenvalues 1–15. (b) Eigenvalues 15–193.

Fig. 4. Cuprite: Real and simulated ICE and MVT scaled eigenvalues (variable
SNR, M̂ = 36). (a) Eigenvalues 1–25. (b) Eigenvalues 25–185.

Let

C. Some Properties of Roger’s Estimator

In Appendix A, we prove that, under mild assumptions,
2
Roger’s estimate, σ̂ǫ,j
[defined in (4)] is greater than the true
2
error variance σǫ,j .
Therefore, when scaling data by dividing by Roger’s SD estimates, we are dividing by values which are too large, and hence,
the real error variances of the scaled data are all too small. Because the sum of the variances of the scaled data equals the sum
of the scaled eigenvalues, the larger eigenvalues will also need
to be too small to guarantee this. This is what we see in Figs. 3
and 4. The first 85 and 47 real scaled eigenvalues are larger than
their simulated counterparts in these two figures, respectively.

2
2
rj = σ̂ǫ,j
/σǫ,j
.

(6)

This is the estimated relative variance. The positive bias result
above provides the lower bound
rj > 1,

j = 1, ..., d.

(7)

We have also been able to derive a lower bound on the average
inverse relative variance:
d
X

rj−1 /d > (d − M )/d.

j=1

The proof of (8) is given in Appendix B.

(8)
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For a single Indian Pines simulation, the left-hand side of (9) is
1.078, while the right-hand side is 1.110. For a single Cuprite
simulation, the left-hand side of (9) is 1.132, while the righthand side is 1.236. So, (9) holds for both simulated datasets.
The value of the upper bound in (9) is that it gives an approximate idea of the likely magnitude of the typical bias in
Roger’s estimates. In most of the above-mentioned papers, d
varies around 200. As mentioned previously, for almost all the
simulations in the above papers, M ≤ 10. When d = 200 and
M = 10, (d − 2)/(d − M − 2) = 1.053, and so the typical bias
is less obvious and less important. However, hyperspectral satellites due for launch in the next few years will all have about
d = 200 bands [23]. The images produced by such satellites
will undoubtedly be larger than those produced by the simulations in the above-mentioned papers. Hence, many will have a
larger ID, M , and so the typical bias in Roger’s estimates will
be larger and more significant.
III. SOME ID ESTIMATION METHODS

Five ID estimation methods will be discussed briefly in this
section. The first three, HFC, noise-whitened HFC (NWHFC),
and noise subspace projection (NSP), are collectively called VD
and were introduced in [2]. All methods assume that the errors
are spectrally (and spatially) uncorrelated.

EP

A. HFC

HFC implicitly assumes that all the band error SDs are equal.
It tests statistically the equality of the eigenvalues of the sample
covariance matrices with and without mean correction. Its ID
estimate is the number of eigenvalue pairs determined to be
unequal. HFC (as well as NWHFC and NSP) require the user
to set a false alarm probability, Pf . In most papers, Pf is set to
10−3 , 10−4 , or 10−5 .
B. NWHFC

IEE

NWHFC does not assume that the band error SDs are equal.
It scales the data using Roger’s error SD estimates [13] and then
applies HFC to the scaled data.
C. NSP

Fig. 5. Mean (±2 SDs) for relative SDs for simulated Indian Pines and
Cuprite images, and upper bounds. (a) Indian Pines (M̂ = 20, 100 simulations).
(b) Cuprite (M̂ = 36, 40 simulations).

If we are prepared to take a Bayesian approach and assume
that the jth row of the eigenvector matrix is uniformly distributed on the d-dimensional sphere, then we can show that
E(rj ) < (d − 2)/(d − M − 2).

(9)

The proof of (9) is also given in Appendix B.
The upper line in Fig. 5(a) and (b) is {(d − 2)/(d − M −
2)}1/2 (since we are plotting SDs rather than variances). Most
of the estimated relative SDs in both figures lie below this value.

Note that, if we were to scale the data by the “true” error
SDs, then the error SDs of the scaled data will all be 1. One
would then expect those eigenvalues of the scaled data, which
correspond to the noise, to have values which are on average
about 1. This is the basis of the third method, called “noise subspace projection” (NSP). The eigenvalues of the mean-corrected
sample covariance matrix are tested against 1. When these are
not significantly different from 1, one concludes that they correspond to noise. However, NSP has two problems. First, when
the data are scaled by the true error SDs, although the “noise”
eigenvalues are on average about 1, the first noise eigenvalue
is somewhat greater than 1, in a way that can be made explicit
mathematically [24], [25]. In this case, the NSP estimate would
be too large. However, Roger’s estimates are positively biased
and consequently, as noted in Section II-C, the leading eigenvalues are too small, so the value of 1 is reached earlier than it
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is when scaled by the true error SDs. These two “wrongs” have
opposite effects and sometimes make a “right.” However, often
they do not, as we shall see in Section V.
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TABLE I
VARIOUS ID ESTIMATES FOR THE REAL INDIAN PINES AND CUPRITE IMAGES
Scene
Indian Pines
Cuprite

D. HySime

NWHFC

NSP

HySime

RMT

29, 28, 27
36, 29, 22

18, 18, 17
26, 24, 22

62, 60, 59
37, 37, 37

11
16

19
29

This concept is easily generalised to the case where the errors
have unequal variances and/or are spectrally correlated. Before
we do this, we need to make some definitions and make two
mild assumptions. Let
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HySime [3, Algorithm 2] uses Roger’s method to estimate
the signal and noise components at each pixel, and from these
to estimate signal and noise covariance matrices. They then
decompose the expected mean square error (MSE) of the true
signal into estimated signal and noise components via an eigendecomposition of the estimated signal covariance matrix. Their
ID estimate is the dimensionality of the subspace of eigenvectors
which minimizes the MSE.

HFC

Si =

M
X

wij Ej ,

i = 1, . . . , N,

(10)

j=1

E. Random Matrix Theory

denote the “signal” component of (1).
Let ΣS and Σǫ denote the expected values of the signal and
error covariance matrices, respectively.
Assumption 1: Σǫ is positive definite. Of course, if Σǫ is
diagonal, all of whose diagonal entries are “strictly” positive
(which we have assumed in this paper), then it will be positive
definite.
Assumption 2: ΣS is positive semidefinite.
Equation (10) implies that the rank of ΣS is M (< d). However, this is not needed for what follows.
The two assumptions imply that there exists a d ∗ d matrix A
satisfying

EP

RMT is used by [26] to estimate the ID, under the assumption that the band error variances are equal. This approach is
adapted by [5, Algorithm 1] to deal with the case where the
band error variances are unequal. They estimate these using a
method based on finding homogeneous areas in the scene [14].
However, they do not scale the data by the estimated band error
SDs, but subtract the estimated error covariance matrix (i.e.,
which is assumed to be diagonal) from the data covariance matrix, to obtain an estimate of the signal covariance matrix. For
the purposes of comparison with the other ID estimation methods described above, we will use [5, Algorithm 1], but with
Roger’s estimates of the band error variances instead of those
based on the method described in [14].
IV. EFFECTIVE INTRINSIC DIMENSIONALITY

IEE

There are a number of definitions of ID in the hyperspectral
literature. Cawse-Nicholson, Damelin, Robin, and Sears [5, Introduction] give a useful review of these. In particular, Chang
and Du [2] define VD as “the minimum number of spectrally
distinct signal sources that characterize the hyperspectral data
from the perspective view of target detection and classification.” This is a very informal definition. A more formal definition is given by Cawse-Nicholson, Damelin, Robin, and Sears
[5, Definition 1], who state that ID is the dimensionality of the
signal subspace. In [12], ID is simply defined as the number
of endmembers, which is also the definition that we use in this
paper.
Assuming that the linear mixture model (which of course
is an approximation to reality) holds, we propose an alternative
concept, which we call Effective Intrinsic Dimensionality (EID).
It reflects the idea that, in the presence of errors, some signals in
the data may be so weak as to be undetectable, and so is a means
of bridging the gap between the definitions in [2] and [5]. When
the band error variances are all equal, to σ 2 say, then [26, eq.
(11)] and [5, eq. (8)] state that there is a threshold value (called
the “asymptotic limit of detection” by the former), below which
signal eigenvalues cannot be successfully
identified, at least
p
asymptotically. This value is σ 2 d/N . The proof of this result
is contained in [27, Th. 1.1].

AT ΣS A = Λ,

AT Σǫ A = I

(11)

where Λ is a diagonal matrix with nonnegative eigenvalues λ1 ≥
λ2 ≥ · · · ≥ λd [28, Th. 12.2.13]. Of course, if the rank of ΣS
is M , then λj = 0, j = M + 1, . . . , d. When Σǫ is diagonal,
the simultaneous diagonalization (11) is achieved by simply
dividing the data by the band error SDs and then applying a
standard eigendecomposition.
The transformation (11) has converted the problem of unequal
error variances to one with error variances all equal to 1. So the
“asymptotic limit of detection” becomes
p
(12)
λcrit = d/N .
We define the EID as the number of λj ’s greater than λcrit . Of
course, EID ≤ ID, because λcrit > λM + 1 = 0. We shall see that,
in our simulations, for smaller values of M̂ , EID = ID, while
for larger values of M̂ , EID < ID, reflecting the fact that, as M̂
becomes larger, the additional endmembers represent signals
in the real scene, which are 1) minor variations of other more
ubiquitous endmembers, 2) rare, or 3) nonexistent altogether.
V. SIMULATIONS

In order to decide on a plausible range of values of M̂ , we first
apply the five ID estimation methods described in Section III
to the real datasets. For HFC, NWHFC, and NSP, we give the
results for Pf = 10−3 , 10−4 , and 10−5 in that order. The results
are shown in Table I.
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Indian Pines: Real and simulated scaled PCs (M̂ = 20). (a) Real scaled PCs. (b) Simulated scaled PCs (M̂ = 20).

Fig. 7.

Cuprite: Real and simulated scaled PCs (M̂ = 36). (a) Real scaled PCs. (b) Simulated scaled PCs (M̂ = 36).
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Fig. 6.

Our initial assumption is that, for each image, the true ID
is somewhere in the range of estimates in Table I. However,
the ranges are very large: 11–62 for Indian Pines and 16–37
for Cuprite. HySime gives the lowest estimates and NSP gives
the highest estimates for both datasets. This is a great concern
because the papers which introduce these two methods, [2] and
[3], are probably the two most highly cited papers on ID estimation in the hyperspectral literature. The NSP estimates for
Indian Pines (62, 60, and 59) are particularly hard to believe;
see the discussion in Section III-C for a possible explanation
of this extreme behavior. Low HySime estimates were also obtained by Robin, Cawse-Nicholson, Mahmood, and Sears [16],
when applied to several real datasets (different from those analyzed here), but not in their simulated datasets, which used
N-FINDR [17] to generate their endmembers. Another issue
which this table highlights is the difficulty in deciding on the

appropriate value of Pf for the three VD methods. Chang and
Du [2] use Pf = 10−3 , while Robin, Cawse-Nicholson, Mahmood, and Sears [16, Sec. II.C] state: “We have confirmed the
stability of this value in preliminary experiments, as using 10−3
or 10−4 made no difference in the results.” The HFC estimates
for the Cuprite scene are inconsistent with their observations,
suggesting potential problems with HFC at least.
In order to assist us with narrowing the range of plausible
values of M̂ , Figs. 6(a) and 7(a) show the first 25 and 48 “scaled”
PCs for the Indian Pines and Cuprite scenes, respectively (i.e.,
after dividing each band by Roger’s error SD estimate). Each
PC image has been linearly stretched over the range of its mean
+/− 2.5 SDs, so that any signal is apparent.
Real signal is apparent in perhaps the first 20 Indian Pines
PCs, which is why we have chosen this value of M̂ for illustrative purposes. However, there is some form of horizontal
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instrumental noise in later PCs (which our model will treat as
“signal” because it is spatially correlated), as well as some vertical and “speckly” features in some of the earlier PCs. It is
difficult to assess whether these features are in the scene or are
instrumental effects. Fig. 6(b) shows the simulated scaled PCs
when M̂ = 20. Signal is apparent in the first 14 PCs (which
suggests that M̂ = 20 may be too small). Of these, the first nine
are similar to the corresponding real images. The horizontal,
vertical, and many of the speckle features are absent from the
simulated PCs, which highlights the need to incorporate such
“artefacts” in mixture models. However, their absence from the
simulated images makes it easier to compare the various ID
methods under the model assumptions of this paper. Based on
our interpretation of Fig. 6(a), we have decided to omit the
HySime and NSP estimates of the real Indian Pines dataset and
simulate it with M̂ varying between 17 and 29.
Strong signal is apparent in perhaps the first 31 or 32 Cuprite
PCs. However, there are weaker “spatially coherent” signals apparent in most of the remaining PCs, up to PC 48. Perhaps these
weaker signals are due to local variants of some endmembers
and/or small nonlinearities in the mixing. However, from the
point of view of a linear mixture model, they are real signals.
There are no apparent nonrandom instrumental effects. Based
on our interpretation of Fig. 7(a), we have decided to omit the
much smaller HySime estimate of the real Cuprite dataset and
simulate it with M̂ varying between 22 and 37. Fig. 7(b) shows
the simulated scaled PCs when M̂ = 36. This allows for the
strong signals plus a few weak ones. Signal is apparent in the
first 27 or 28 PCs, although there is a faint signal in PC 31.
Again, this suggests that M̂ = 36 may be too small. The first
14 PCs of the real and simulated images are similar.
Fig. 8(a) and (b) shows the mean (±2 SDs) for the five ID
estimates versus M̂ for the simulated Indian Pines and Cuprite
images. Following [2] and [16], we use Pf = 10−3 for HFC,
NWHFC, and NSP. The first thing to note is that, for smaller
values of M̂ , EID = ID. However, as M̂ becomes larger, EID <
ID, probably due to the reasons given at the end of Section IV.
For the Indian Pines simulations, all five estimators are almost
independent of M̂ . This probably reflects the fact that the true
ID is at the lower end of the range of values of M̂ chosen, and the
inability of any of the estimators to detect weak or rare signals
in the simulated (and possibly real) data. The mean estimates
of the simulations of each of four of the five ID estimation
methods are in the same order as their corresponding estimates
for the real data (NSP > HFC > NWHFC > HySime). HFC
and NWHFC are on average about the same as for the real
data, while HySime is a little smaller. NSP drops from 62 to
the high 40s (which is still far too high), while RMT drops
from 19 to a range of 10–12. The drop in the HySime, NSP,
and RMT estimates may, at least in part, be due to the positive
bias in Roger’s band estimators. Because HFC and NWHFC
compare the eigenvalues of covariances with and without mean
correction, they are perhaps somewhat less sensitive to this bias,
whose effects may be about the same on both sets of eigenvalues.
The most striking feature for the Cuprite simulations is that
the mean values of the HFC estimates are much too high for
M̂ < 32, but very good for M̂ ≥ 32 (although its SDs are very

9

Fig. 8. Mean (±2 SDs) for five ID estimates versus M̂ for simulated Indian
Pines and Cuprite images with variable SNR (P f = 10 −3 ). (a) Indian Pines.
(b) Cuprite.

large). We have no explanation for this as yet. All the remaining
estimates lie below EID, but gradually increase with M̂ , probably reflecting the fact that the true ID is at the upper end of the
range of values of M̂ chosen. If one restricts attention to values
of M̂ above 32, the mean estimates of simulated HFC estimates
comes closest to the corresponding estimate for the real data
(36), while the means of the remaining simulated estimators
tend to be a little less than their counterparts for real data. This
is consistent with the behavior seen with the simulated Indian
Pines data.
Overall, HFC is clearly the most variable of the estimators.
Because NWHFC is a whitened version of HFC, its variability
is greatly reduced and is comparable to that of HySime. Both
are a little more variable than RMT. NSP’s variability appears
to be a function of its mean.
The results in Fig. 8(a) and (b) are for variable SNR. We have
also carried out simulations using constant SNR, whose values

10
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are shown in Fig. 2(a) and (b). We do not plot the results here.
Generally speaking, however, the estimators are a little larger
than for their variable-SNR counterparts. For the Cuprite data,
the HFC and NWHFC estimates are even more variable than are
their variable-SNR counterparts.
VI. CONCLUSION AND FUTURE WORK
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The ten papers cited near the beginning of this paper (a number of which are highly cited) use simulations to introduce or test
either 1) methods for estimating the ID of hyperspectral data,
or 2) methods for estimating endmembers in such data. In our
opinion, these simulations are so different from real-world data
that one cannot be confident that the various advocated methods
work well with real-world data. We have introduced a general
methodology which aims to make the simulations more realistic. We have also explored various options within the general
framework, including 1) comparing the use of variable and constant SNRs for the errors, and 2) comparing the MVT and ICE
algorithms as inputs to the simulation method. We believe that
by attempting to produce more realistic simulations, we have
obtained greater insights into the strengths and weaknesses of
various advocated methods. In particular, we have observed that
Roger’s error variance estimates are positively biased. This has
led us to prove (in Appendix A) that this is always so. We have
also demonstrated that the average relative bias of Roger’s error variance estimates is an increasing function of M/d and
developed some theory in Appendix B to support this.
Although there are differences between the ID estimates for
the real images and their simulated counterparts, they are mostly
consistent. In addition, our approach strongly suggests that HFC
and NSP are highly variable (and hence unreliable) ID estimators. On the other hand, NWHFC, HySime, and RMT appear to
underestimate ID (or even EID). This may in part be due to the
bias in Roger’s variance estimates. So a first goal is to see if this
bias can be corrected.
Toward this end, Mahmood, Robin, and Sears [29] have recently developed a first-order correction to Roger’s error SD
estimate. We have applied this correction to three real and
simulated hyperspectral images (including the two presented
here). For the three simulated images, although the bias of the
corrected estimates is certainly reduced, it still appears to be a
little positive. In addition, for the real image not presented here
(which has worse artefacts than those in the Indian Pines scene),
some of the bands have very small error variances. Unfortunately, the first-order correction produces negative estimates of
some of these. So, although promising, the new method needs
some further development, which we intend to investigate.
Depending on the results of these investigations, modifications of some of the above ID estimation methods (or possibly
entirely new ones) may need to be developed to make them more
accurate than Fig. 8(a) and (b) suggest that they are.
Recently, Robin, Cawse-Nicholson, Mahmood, and Sears
[16] and Cawse-Nicholson, Robin, and Sears [30] have investigated the estimation of ID in the presence of correlated noise,
which is known to have a significant presence in some instruments. They used various multivariate and spatial methods to

estimate the ID. It is our intention to investigate these methods,
again with the aid of semirealistic simulations of natural hyperspectral scenes, and if necessary either to improve them further
or to develop new methods for correlated errors.
Another issue that has not been addressed in this paper is
sparsity. Once the endmembers have been estimated, one needs
to estimate the proportions. In our simulations, we have fitted
the spectrum in each pixel using LS fitting in MNF space with
the constraints that the weights are nonnegative and sum to
1. However, even though this constraint forces some of the
weights to be zero, it generally leaves too many endmembers
with small (positive) weights. In recent years, “sparse unmixing”
techniques have been introduced [31]–[33]. These force many of
these small weights to be zero. It will be interesting to see what
impact “sparsity” has on the simulated data. In particular, for
large M̂ , the maximum proportion of some of the endmembers
in a simulated scene will be very small. Forcing sparsity may
push the maximum proportion of some of these endmembers to
zero, thus reducing the EID.
APPENDIX A
PROOF OF POSITIVE BIAS OF ROGER’S BAND SD ESTIMATORS
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Before we prove that Roger’s band SD estimators are always
positively biased, we need to carefully state our assumptions,
which are fairly standard. Because we are assuming that the error
covariance matrix is diagonal, we need to modify Assumption
1 appropriately.
Assumption 1a: Σǫ is diagonal, all of whose diagonal entries,
2
, j = 1, . . . , d, are “strictly” positive.
σǫ,j
Equation (10) implies that the rank of ΣS is M (< d). We,
therefore, modify Assumption 2 to the following.
Assumption 2a: ΣS is positive semidefinite with (unknown)
rank M (< d).
In addition, we assume the following.
Assumption 3: Si and ǫi are uncorrelated.
Let ΣX denote the expected value of the data. It follows from
(1), (10), and Assumption 3 that

ΣX = ΣS + Σǫ .
(13)
P
PN
T
Let X̄ = N
i= 1 Xi /N , let Σ̂X =
i= 1 Xi Xi /N denote the
sample covariance matrix of the observed data, and let vj denote
the jth diagonal entry of Σ̂−1
X . Quoting other references, Roger
[13, Sec. 2.3.1] pointed out that
2
,
vj−1 = σ̂ǫ,j

j = 1, . . . , d.

(14)

Either this formula or (4) can be used to provide Roger’s estimator of the band error variances (and hence their SDs).
The flaw in Roger’s approach is easily seen from the regression interpretation, on which (4) is based. When regressing one
band on the remaining d − 1 bands, the d − 1 explanatory variables themselves have errors. This is the cause of the bias, and
as it happens, it is always positive.
In the proof that follows, we make no distinction between
the theoretical covariance matrices in (13) and their sample
versions. The differences are negligible if N is large enough.
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We do not know how large N needs to be, but it will certainly
be the case for most real-world datasets.
Proof: It follows from (13) and (11) that
Σ−1
X

−1

T

= A(Λ + I) A

11

Take the trace of both sides of (25) and use its cyclic property
and the last equality in (24) to obtain
tr ((ΣX∗ )−1 ) = tr((Λ + I)−1 )

(15)

d
X

=

and

k=1

T
Σ−1
ǫ = AA .

(16)

aTj

d
X

−2
a2jk = σǫ,j
.

k=1

(17)

Let ej denote the d-vector, which has zeroes everywhere,
except for the jth position, which equals 1. It then follows from
the definitions of vj , aj , (15), and (17) that
vj = eTj Σ−1
X ej
=
=
=

−1

T

A(Λ + I) A ej

aTj

−1

(Λ + I) aj
a2jk /(λk + 1)

d
X

a2jk

k=1

−2
= σǫ,j

(18)

(19)

j = 1, . . . , d.

(21)

IEE

Note that the strict inequality (19) holds provided that the largest
eigenvalue is positive.
APPENDIX B
DERIVATION OF INEQUALITIES (7) AND (8)

At this point, it will be convenient to let

Σ∗S = Σ−1/2
ΣS Σ−1/2
, Σ∗X = Σ−1/2
ΣX Σ−1/2
.
ǫ
ǫ
ǫ
ǫ

(22)

These are just the covariance matrices of the signal and data
respectively after each band has been divided (i.e., “scaled”) by
the true error SD in each band. Then, (13) becomes
=

Σ∗S

+I

(23)

and (11) can be converted into a “standard” eigendecomposition,
in which the band error variances all equal 1:
B T Σ∗S B = Λ,

d
X

b2jk /(λk + 1)

B T B = BB T = I

(24)

1/2

where B = Σǫ A. Note that, because B is orthogonal, (24)
includes one more equality than (11) does.
The analog of (15) is
(Σ∗X )−1 = B(Λ + I)−1 B T .

d
X

b2jk

k =M + 1

by (17). Invert both sides of this inequality and use (14) to obtain

Σ∗X

rj−1 =

>

(20)

2
2
σ̂ǫ,j
> σǫ,j
,

because Assumption 2a implies that the last d − M λk ’s are
all zero. However, it follows from the second equality
P in (6),
(14), and (22) that the left-hand side of (26) is just dj= 1 rj−1 .
Substitute this into (26) and divide both sides by d to obtain (8).
To obtain inequality (9), let (bj 1 , . . . , bjd ) denote the jth row
of B. Using an analogous argument leading to (6), (14), and
(17), we obtain

again because the last d − M λk ’s are all zero. Invert this inequality to obtain
Ã d
!−1
X
2
bjk
.
(27)
rj <

EP

k=1

<

(26)

k=1

eTj

d
X

> d−M
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Let
≡ (aj 1 , . . . , ajd ) denote the jth row of A. It then
follows from (16) and Assumption 1 a that
aTj aj =

(λk + 1)−1

(25)

k =M + 1

In order to make further progress, we need to make a distributional assumption about the bjk ’s. Note first that, analogous to
(17), we have from the second equality in (24) that
d
X

b2jk = 1.

(28)

k=1

We make the following (Bayesian) assumption:
Assumption 4: For each j, conditional on (28), bTj ≡
(bj 1 , . . . , bjd ) is uniformly distributed on the d-dimensional
sphere of radius 1.
Pd
2
Under this assumption,
k =M + 1 bjk has a Beta distri1
bution with parameters 2 (d − M ) and 12 M [34, p. 49]. It
P
is then straightforward to show that E(( dk =M + 1 b2jk )−1 ) =
(d − 2)/(d − M − 2). Substitute this into (27) to obtain (9).
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Semi-realistic Simulations of Natural
Hyperspectral Scenes
Zhipeng Hao, Mark Berman, Yi Guo, Glenn Stone, and Iain Johnstone

1) estimating the “intrinsic” dimensionality of the data [2]–
[5], 2) introducing a new blind unmixing/endmember estimation algorithm [6]–[10] or 3) both [11]. All the simulations are
based on the linear mixture model, which we now outline. Let
Xi , i = 1, ..., N , denote the d-dimensional vector of observations at pixel i (out of N ) in a hyperspectral image. Under the
linear mixture model, if there are M (< N ) spectrally distinct
materials in the image, then
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Abstract—Many papers in the hyperspectral literature use simulations (based on a linear mixture model) to test algorithms,
which either estimate the “intrinsic” dimensionality (ID) of the
data or endmembers. Usually, these simulations use “real-world”
endmembers, proportions distributed according to a uniform or
Dirichlet distribution on the endmember simplex, and Gaussian
errors which are “spectrally” and “spatially” uncorrelated. When
the error standard deviations (SDs) in different bands are assumed
to be unequal, they are usually estimated using Roger’s method.
The simulated and real-world data in these papers are so different
that one cannot be confident that the various advocated methods
work well with real-world data. We propose a general methodology which produces more realistic simulations, providing us with
greater insights into the strengths and weaknesses of various advocated methods. With the aid of the well-known Indian Pines
and Cuprite scenes, we compare several specific options within the
proposed methodological framework. We also compare the performance of five well-known ID estimators using both real and
simulated datasets and demonstrate that Roger’s SD estimates are
positively biased. A proof that Roger’s estimates are always positively biased is given.

I. INTRODUCTION

IEE

IMULATION is useful for assessing the performance of
algorithms in many fields. This is especially true of hyperspectral remote sensing data, where ground-based validation
of such algorithms is typically costly and time consuming. The
hyperspectral remote sensing literature is dominated by two
broad simulation approaches. The first, captured in the Digital
Imaging and Remote Sensing Image Generation model, uses
sophisticated radiometric and geometric models of real-world
scenes to reconstruct closely those scenes [1]. This approach is
particularly useful for modeling 3-D objects such as buildings
and trees.
The second approach is not based on real-world scenes. It
is found in the hyperspectral literature concerned with linear mixture models. These papers are concerned with either
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M
X

wij Ej + ǫi ,

i = 1, . . . , N

(1)

j=1

where (i) Ej , j = 1, . . . , M , are the “endmembers” (i.e., pure
materials); (ii) wij are nonnegative weights; and (iii) ǫi are error
terms. The errors are typically a combination of instrumental
noise, natural variation in spectra representing the same material, and small nonlinearities in the mixing. M is sometimes
called “virtual dimensionality” (VD) [2] and sometimes called
“intrinsic dimensionality” (ID) [5], [12]. We shall use the latter
term.
Often the weights in (1) are also constrained to be proportions,
i.e.,

EP

Index Terms—Dimensionality, endmembers, hyperspectral,
linear mixture model, simulation.

Xi =

M
X

wij = 1,

i = 1, . . . , N.

(2)

j=1

For ease of exposition, we will assume that (2) is satisfied
throughout the paper. Small modifications are required when
it is not satisfied. Note however that, when it is satisfied, the
M endmembers define a simplex in an (M − 1)-dimensional
subspace. For instance, when M = 3, the endmembers define a
triangle in a 2-D subspace.
The simulations in the ten above-mentioned references vary
according to how the three components are chosen. For (i), all
use “real-world” endmembers, usually chosen from the USGS
or JPL spectral libraries, or other sources [2], [4], [10]. For (ii),
the proportions are mostly chosen to be spatially uncorrelated.
The proportion distribution is either “random” [2], [5], [10],
distributed uniformly [4], [11], or according to a Dirichlet distribution on the simplex defined by the endmembers [3], [7],
[9]. In two of these papers [9], [11], the maximum proportions
of some endmembers are restricted to being less than 1, modeling the common situation where some materials in a scene
are never pure. Papers [6] and [8] incorporate some spatial information. For (iii), all assume Gaussian errors (as shall we in
our simulations). Most assume that the errors are “spectrally”
and “spatially” uncorrelated. Papers [6]–[11] all assume that
the error standard deviations (SDs) in all the bands are equal.
Papers [2]–[5] assume that they are different. The first three

1939-1404 © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications standards/publications/rights/index.html for more information.
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this is always so. In Appendix B, we also develop some theory,
which suggests that the average bias depends on the ratio M/d.
As this ratio becomes larger, the bias also tends to become larger.
The theory is supported by our simulations.
II. GENERAL METHODOLOGY AND SOME OPTIONS
The general methodology is straightforward. One chooses a
real-world scene of interest and applies 1) a method to estimate
its dimensionality (M̂ ) and 2) a method to produce M̂ endmember estimates (Êj , j = 1, . . . , M̂ ). One can then estimate
the weights, ŵij , usually by least-squares (LS) estimation (with
constraints determined by the assumed weight constraints). All
these estimates can be plugged into (1) to produce an estimated
“true” or “target” image. Finally, the simulated image is produced by adding simulated errors δi , following the assumed
error distribution, to the “target” image:
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papers use a (nonspatial) multivariate method suggested by
Roger [13] to estimate the SDs, while paper [5] uses a method
based on finding homogeneous areas in the scene [14]. For nine
of the above-mentioned references, M varies between 3 and 10;
one of the simulations carried out by Bioucas-Dias and Nascimento [3] has M = 15. For the ten references, N varies between
150 and 10 000.
The above-mentioned papers apply their advocated dimensionality or endmember estimation methods to one or more
real-world scenes, in most cases one of the AVIRIS scenes of
the Cuprite mining district, but also other scenes [2], [3], [5],
[10]. Apart from one of the real-world datasets analyzed by
Somers, Zortea, Plaza, and Asner [10] (for which N = 2700),
the number of pixels in the remaining real-world datasets varies
between 21 025 and 122 500, so they are considerably larger
than the simulated data sets. The estimated values of M , using one or more of the methods presented in [2]–[5], are, with
two exceptions (see [2] and [6]), all greater than 10 and in
some cases greater than 20. This reflects the obvious principle
that larger (real-world) datasets tend to contain more materials. In this age of “big data,” M will tend to become bigger
as real-world datasets become bigger! This illustrates obvious
differences between the simulated and real-world datasets in
the above-mentioned papers. However, the endmembers and
the spatial distribution of the proportions also differ. Therefore,
in our opinion, the simulated and real-world data in these papers are so different that we cannot really be confident that the
various advocated methods work well with real-world data.
In this paper, we propose a general simulation methodology
which, while not as sophisticated as a physics-based approach
[1], produces simulations which are more like real-world data
and provide us with greater insights into the strengths and weaknesses of various ID and endmember estimation methods. We
believe that the methodology is potentially useful for simulating
“natural” scenes (i.e., those dominated by vegetation, minerals
and soils, rather than buildings), where the main interest is in
knowing what materials are in a scene, and where and how
much they are present. The general methodology is outlined
in Section II. Various options within the general framework
are also considered. This includes a comparison with methodologies in two recent papers [15], [16], which are similar to
ours, but which do not go as far as we propose. In Section III,
we describe five well-known ID estimation methods, all of
which rely on various eigendecompositions of the data, while in
Section IV, we introduce another concept, which we call “effective intrinsic dimensionality” (EID). In some cases, some of the
“signal” eigenvalues are smaller than the “noise” eigenvalues.
It is unreasonable to expect an eigenvalue-based ID estimation
method to identify these. EID represents this concept mathematically. In Section V, we apply the five ID estimation methods
to two real-world datasets and to simulated versions of them
over a plausible range of values of M , and discuss the results.
General conclusions are drawn and future work is discussed
in Section VI.
One consequence of our “real-world” approach to simulation
is the observation that Roger’s method for estimating the band
error SDs is positively biased. In Appendix A, we prove that

Yi =

ŵij Êj + δi ,

i = 1, . . . , N.

(3)

j=1

A similar approach to ours is adopted by Gao, Du, Zhang,
Yang, and Wu [15]. They apply one of the three VD methods introduced in [2] (but do not state which one) to a 500 × 500
AVIRIS Cuprite subscene to estimate M and estimate the
endmembers using N-FINDR [17] in minimum noise fraction
(MNF) space [18]. They then produce the target image in a similar manner to ourselves. Spectrally uncorrelated errors are then
added to the target image, using signal-to-noise ratios (SNRs),
which are constant across the bands. They compare a number of error (“noise”) estimation methods using two metrics
based on the difference between the target and estimated errors at each pixel. They do not estimate band error variances
themselves.
In [16], N-FINDR [17] is applied to a 350 × 350 AVIRIS
Cuprite subscene, given M , which ranges from 5 to 40 in their
simulations. They do not specify whether N-FINDR is run in
MNF or some other space. They add spectrally uncorrelated
errors, whose variances are both constant and variable. They
also investigate the impact of correlated errors. We will not
investigate correlated errors in this paper, although we do intend
to investigate these in the future. The focus of [16] is to compare
the performance of different ID estimation methods using both
simulated and real data.
Although our general methodology is somewhat similar to
those of [15] and [16], our philosophy is somewhat different.
Our objective is to make our simulations as close as possible to
real-world scenes by 1) visual inspection of principal component (PC) images (after “whitening” the data), and 2) making the
eigenvalues of the real and simulated images as similar as possible. The second aim is particularly important because methods
such as VD [2], RSSE [4], and random matrix theory (RMT)
[5] are all based on the eigenvalues. If we can make the eigenvalues of real-world and simulated images as close possible,
especially for indices equal to and near the true ID, then we
are in a stronger position to compare different dimensionality
estimation techniques with real data.
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With our objective in mind, the approaches of [15] and [16]
raise the following questions: 1) Do the errors in real-world
datasets have either constant variance or constant SNRs across
bands? 2) How important is the space in which the endmembers
are found? 3) How important is the endmember estimation algorithm used? We will at least in part address questions 1 and
3 here, with the aid of two well-known scenes: the relatively
small 145 × 145 Indian Pines scene (N = 21 025) and the much
larger 512 × 614 Cuprite scene f970619t01p02_r02_sc03.a.rfl
(N = 314 368). For both scenes, some bands have been excluded due to water absorption or noise. For Indian Pines, bands
104–110, 149–165, and 218–220 have been excluded, leaving
193 (out of 220) bands. For Cuprite, bands 1, 2, 104–114, 153–
174, and 221–224 have been excluded, leaving 185 (out of 224)
bands.
A. Error Variance Assumptions

2
=
σ̂ǫ,j

N
X
i= 1

ǫ̂2ij /N,

EP

Various methods have been proposed for estimating band error variances. In a forthcoming paper, using simulations similar
to those described here, we demonstrate that Roger’s method
gives much better estimates of error variances than do a variety
of spatial methods. This is consistent with observations in [3]
and [16] and results in [15]. Roger’s method [13] performs a
linear regression of each of the d bands on the remaining d − 1
bands and estimates the variance of each band using the residuals from the fits. Specifically, let ǫ̂ij , i = 1, . . . , N ; j = 1, ..., d,
denote the error in the ith pixel when regressing band j on the
remaining d − 1 bands. Roger’s estimator of the error variance
in band j is
j = 1, . . . , d.

(4)

IEE

Some properties of this estimator are given in Section II-C.
Technical details are given in the Appendixes.
Fig. 1(a) and (b) shows Roger’s estimates of the band error
SDs for the Indian Pines and Cuprite images. We also show
the mean (±2 SDs) for the SDs of the corresponding simulated
images. For Indian Pines, 100 simulations have been used with
M̂ = 20, while for the larger Cuprite scene, only 40 simulations
have been used with M̂ = 36. These values of M̂ have been
chosen for illustrative purposes only and as initial approximate
estimates of the true value of M . Further reasons for choosing
these values are given in Section V. The main point here is to
show that the error variances are not constant.
What about the assumption of constant SNR? We will use the
following common definition for the SNR in band j:
SNR j = 10 log10 {Var(sj )/Var(ǫj )}

(5)

2
where Var(sj ) and Var(ǫj ) ≡ σǫ,j
are the variances of the signal
and error components, respectively for band j. The usual estimate of Var(sj ) is just the sample variance in band j. We will
use Roger’s estimates of Var(ǫj ), given by (4). The estimated
SNRs for the Indian Pines and Cuprite datasets are shown in
Fig. 2(a) and (b), respectively. In our simulations, we have assumed Gaussian errors, which are both spectrally and spatially
uncorrelated, and with SNRs given by those in Fig. 2(a) and (b).

Fig. 1. SDs for real Indian Pines and Cuprite images, and mean (±2 SDs)
for SDs of corresponding simulated images. (a) Indian Pines (M̂ = 20, 100
simulations). (b) Cuprite (M̂ = 36, 40 simulations).

We will refer to these as “variable SNR” simulations. For comparison purposes, we have also simulated Gaussian errors with
constant SNRs with the values given by the horizontal lines (the
average SNR) in Fig. 2(a) and (b).
B. Which Endmember Estimation Algorithm Should Be Used?
Given M̂ , both [15] and [16] use N-FINDR [17] to estimate the endmembers. N-FINDR finds the simplex of maximum
hypervolume with M vertices, constrained to lie among the data
points, typically in a subspace of dimensionality M − 1 (e.g.,
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all the data in the first M − 1 PC or MNF bands is signal (i.e.,
with no errors). However, if this endmember estimation method
is used, it is particularly simple to produce the target image (3).
Note that, in this case, any simplex with M vertices which completely encloses the projected data in the (M − 1)-dimensional
subspace has zero error in that subspace. As a simple example,
when M = 3, this simplex will be any triangle enclosing all
the (projected) data. In this case, the target image (the signal
component of (3)) can be reconstructed directly from the first
M − 1 PC or MNF bands, with no constraints on the weights.
Several algorithms, which aim to steer a middle course between the “extremes” of N-FINDR and MVT, have been developed. We will use the iterated constrained endmembers (ICE)
algorithm [22]. This uses a regularized LS fit of (1) (typically
in MNF space), where the regularizing function is proportional
to the total variance of the endmembers.
We have simulated both the Indian Pines and Cuprite datasets
for a range of values of M̂ (discussed in Section V) using both
MVT and ICE to estimate the endmembers in (3). The errors
δi in (3) are uncorrelated with different SDs, assuming either a
variable or constant SNR [see Fig. 2(a) and (b)], estimated from
the real data using Roger’s method [13]. Figs. 3 and 4 show
the eigenvalues for one of the simulated Indian Pines (M̂ = 20)
and Cuprite (M̂ = 36) datasets using both ICE and MVT for
the simulations using variable SNR. For all the ICE simulations
shown in this paper, we have used its default regularisation parameter, 0.01. We have first “scaled” each real and simulated
image by dividing the data in each band by Roger’s estimate of
the band SD, so the SNR is variable. For each dataset, we plot
the first K (scaled) eigenvalues in plot (a) (where K is a little less
than M̂ ) and the remaining eigenvalues in plot (b). In plot (b), we
have also drawn a vertical line between the first M̂ − 1 “signal”
eigenvalues and the “noise” eigenvalues. In both Figs. 3(b) and
4(b), we see that the real scaled eigenvalues die away smoothly,
and that there is no obvious drop between the signal and noise
eigenvalues. This is commonly the case with real data. The ICE
eigenvalues reflect this behavior. However, the MVT eigenvalues do not; there is a very obvious drop between the “signal”
and “noise” eigenvalues. Any reasonable ID estimation method
ought to be able to detect this gap and give a perfect estimate
of M . The reason for this gap is the implicit (and unrealistic)
assumption made by MVT that there is no “noise” in the first
M − 1 (scaled) PCs. Consequently, we will only use the ICE
simulations for the rest of the paper.
Although the ICE eigenvalues behave more like the real eigenvalues than the MVT eigenvalues do, there are still some differences. There are at least two reasons for this. First, the values
of M̂ are a little too small. We will present evidence for this in
Section V. Second, Roger’s estimates of the band error variances
are too large. A careful examination of Fig. 1(a) and (b) suggests
that this is so. This is made clearer in Fig. 5(a) and (b), which
shows the mean (±2 SDs) of Roger’s estimates of the band error
SDs for the simulated datasets, each divided by their target SDs,
for the Indian Pines and Cuprite datasets, respectively. We will
call these the estimated relative SDs. The error bars are larger
for the Indian Pines scene because the image size (N = 21 025)
is much smaller than that of the Cuprite scene (N = 314 368).
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Fig. 2. Estimated SNRs for real Indian Pines and Cuprite images. (a) Indian
Pines. (b) Cuprite.

the first M − 1 PC or MNF bands). Because of this constraint,
N-FINDR implicitly assumes that pure versions of all the endmembers exist in the data itself. In our opinion, this assumption
is unrealistic. In the last 20 years or so, many endmember estimation algorithms, which seek to overcome this problem have
been proposed; [11, Sec. IV.B] provides a good review of these.
Probably, the oldest of these is called the minimum volume transform (MVT) [19]. Since then, there have been several algorithms proposed to calculate the MVT [7], [20], [21].
Unlike N-FINDR, MVT finds the simplex of minimum hypervolume with M vertices, constrained to totally enclose the data
projected onto the (M − 1)-dimensional subspace inside the
simplex. This algorithm is unrealistic because it assumes that
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Fig. 3. Indian Pines: Real and simulated ICE and MVT scaled eigenvalues
(variable SNR, M̂ = 20). (a) Eigenvalues 1–15. (b) Eigenvalues 15–193.

Fig. 4. Cuprite: Real and simulated ICE and MVT scaled eigenvalues (variable
SNR, M̂ = 36). (a) Eigenvalues 1–25. (b) Eigenvalues 25–185.

Let

C. Some Properties of Roger’s Estimator

In Appendix A, we prove that, under mild assumptions,
2
Roger’s estimate, σ̂ǫ,j
[defined in (4)] is greater than the true
2
error variance σǫ,j .
Therefore, when scaling data by dividing by Roger’s SD estimates, we are dividing by values which are too large, and hence,
the real error variances of the scaled data are all too small. Because the sum of the variances of the scaled data equals the sum
of the scaled eigenvalues, the larger eigenvalues will also need
to be too small to guarantee this. This is what we see in Figs. 3
and 4. The first 85 and 47 real scaled eigenvalues are larger than
their simulated counterparts in these two figures, respectively.

2
2
rj = σ̂ǫ,j
/σǫ,j
.

(6)

This is the estimated relative variance. The positive bias result
above provides the lower bound
rj > 1,

j = 1, ..., d.

(7)

We have also been able to derive a lower bound on the average
inverse relative variance:
d
X

rj−1 /d > (d − M )/d.

j=1

The proof of (8) is given in Appendix B.

(8)
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For a single Indian Pines simulation, the left-hand side of (9) is
1.078, while the right-hand side is 1.110. For a single Cuprite
simulation, the left-hand side of (9) is 1.132, while the righthand side is 1.236. So, (9) holds for both simulated datasets.
The value of the upper bound in (9) is that it gives an approximate idea of the likely magnitude of the typical bias in
Roger’s estimates. In most of the above-mentioned papers, d
varies around 200. As mentioned previously, for almost all the
simulations in the above papers, M ≤ 10. When d = 200 and
M = 10, (d − 2)/(d − M − 2) = 1.053, and so the typical bias
is less obvious and less important. However, hyperspectral satellites due for launch in the next few years will all have about
d = 200 bands [23]. The images produced by such satellites
will undoubtedly be larger than those produced by the simulations in the above-mentioned papers. Hence, many will have a
larger ID, M , and so the typical bias in Roger’s estimates will
be larger and more significant.
III. SOME ID ESTIMATION METHODS

Five ID estimation methods will be discussed briefly in this
section. The first three, HFC, noise-whitened HFC (NWHFC),
and noise subspace projection (NSP), are collectively called VD
and were introduced in [2]. All methods assume that the errors
are spectrally (and spatially) uncorrelated.

EP

A. HFC

HFC implicitly assumes that all the band error SDs are equal.
It tests statistically the equality of the eigenvalues of the sample
covariance matrices with and without mean correction. Its ID
estimate is the number of eigenvalue pairs determined to be
unequal. HFC (as well as NWHFC and NSP) require the user
to set a false alarm probability, Pf . In most papers, Pf is set to
10−3 , 10−4 , or 10−5 .
B. NWHFC

IEE

NWHFC does not assume that the band error SDs are equal.
It scales the data using Roger’s error SD estimates [13] and then
applies HFC to the scaled data.
C. NSP

Fig. 5. Mean (±2 SDs) for relative SDs for simulated Indian Pines and
Cuprite images, and upper bounds. (a) Indian Pines (M̂ = 20, 100 simulations).
(b) Cuprite (M̂ = 36, 40 simulations).

If we are prepared to take a Bayesian approach and assume
that the jth row of the eigenvector matrix is uniformly distributed on the d-dimensional sphere, then we can show that
E(rj ) < (d − 2)/(d − M − 2).

(9)

The proof of (9) is also given in Appendix B.
The upper line in Fig. 5(a) and (b) is {(d − 2)/(d − M −
2)}1/2 (since we are plotting SDs rather than variances). Most
of the estimated relative SDs in both figures lie below this value.

Note that, if we were to scale the data by the “true” error
SDs, then the error SDs of the scaled data will all be 1. One
would then expect those eigenvalues of the scaled data, which
correspond to the noise, to have values which are on average
about 1. This is the basis of the third method, called “noise subspace projection” (NSP). The eigenvalues of the mean-corrected
sample covariance matrix are tested against 1. When these are
not significantly different from 1, one concludes that they correspond to noise. However, NSP has two problems. First, when
the data are scaled by the true error SDs, although the “noise”
eigenvalues are on average about 1, the first noise eigenvalue
is somewhat greater than 1, in a way that can be made explicit
mathematically [24], [25]. In this case, the NSP estimate would
be too large. However, Roger’s estimates are positively biased
and consequently, as noted in Section II-C, the leading eigenvalues are too small, so the value of 1 is reached earlier than it
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is when scaled by the true error SDs. These two “wrongs” have
opposite effects and sometimes make a “right.” However, often
they do not, as we shall see in Section V.
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TABLE I
VARIOUS ID ESTIMATES FOR THE REAL INDIAN PINES AND CUPRITE IMAGES
Scene
Indian Pines
Cuprite

D. HySime

NWHFC

NSP

HySime

RMT

29, 28, 27
36, 29, 22

18, 18, 17
26, 24, 22

62, 60, 59
37, 37, 37

11
16

19
29

This concept is easily generalised to the case where the errors
have unequal variances and/or are spectrally correlated. Before
we do this, we need to make some definitions and make two
mild assumptions. Let
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HySime [3, Algorithm 2] uses Roger’s method to estimate
the signal and noise components at each pixel, and from these
to estimate signal and noise covariance matrices. They then
decompose the expected mean square error (MSE) of the true
signal into estimated signal and noise components via an eigendecomposition of the estimated signal covariance matrix. Their
ID estimate is the dimensionality of the subspace of eigenvectors
which minimizes the MSE.

HFC

Si =

M
X

wij Ej ,

i = 1, . . . , N,

(10)

j=1

E. Random Matrix Theory

denote the “signal” component of (1).
Let ΣS and Σǫ denote the expected values of the signal and
error covariance matrices, respectively.
Assumption 1: Σǫ is positive definite. Of course, if Σǫ is
diagonal, all of whose diagonal entries are “strictly” positive
(which we have assumed in this paper), then it will be positive
definite.
Assumption 2: ΣS is positive semidefinite.
Equation (10) implies that the rank of ΣS is M (< d). However, this is not needed for what follows.
The two assumptions imply that there exists a d ∗ d matrix A
satisfying
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RMT is used by [26] to estimate the ID, under the assumption that the band error variances are equal. This approach is
adapted by [5, Algorithm 1] to deal with the case where the
band error variances are unequal. They estimate these using a
method based on finding homogeneous areas in the scene [14].
However, they do not scale the data by the estimated band error
SDs, but subtract the estimated error covariance matrix (i.e.,
which is assumed to be diagonal) from the data covariance matrix, to obtain an estimate of the signal covariance matrix. For
the purposes of comparison with the other ID estimation methods described above, we will use [5, Algorithm 1], but with
Roger’s estimates of the band error variances instead of those
based on the method described in [14].
IV. EFFECTIVE INTRINSIC DIMENSIONALITY

IEE

There are a number of definitions of ID in the hyperspectral
literature. Cawse-Nicholson, Damelin, Robin, and Sears [5, Introduction] give a useful review of these. In particular, Chang
and Du [2] define VD as “the minimum number of spectrally
distinct signal sources that characterize the hyperspectral data
from the perspective view of target detection and classification.” This is a very informal definition. A more formal definition is given by Cawse-Nicholson, Damelin, Robin, and Sears
[5, Definition 1], who state that ID is the dimensionality of the
signal subspace. In [12], ID is simply defined as the number
of endmembers, which is also the definition that we use in this
paper.
Assuming that the linear mixture model (which of course
is an approximation to reality) holds, we propose an alternative
concept, which we call Effective Intrinsic Dimensionality (EID).
It reflects the idea that, in the presence of errors, some signals in
the data may be so weak as to be undetectable, and so is a means
of bridging the gap between the definitions in [2] and [5]. When
the band error variances are all equal, to σ 2 say, then [26, eq.
(11)] and [5, eq. (8)] state that there is a threshold value (called
the “asymptotic limit of detection” by the former), below which
signal eigenvalues cannot be successfully
identified, at least
p
asymptotically. This value is σ 2 d/N . The proof of this result
is contained in [27, Th. 1.1].

AT ΣS A = Λ,

AT Σǫ A = I

(11)

where Λ is a diagonal matrix with nonnegative eigenvalues λ1 ≥
λ2 ≥ · · · ≥ λd [28, Th. 12.2.13]. Of course, if the rank of ΣS
is M , then λj = 0, j = M + 1, . . . , d. When Σǫ is diagonal,
the simultaneous diagonalization (11) is achieved by simply
dividing the data by the band error SDs and then applying a
standard eigendecomposition.
The transformation (11) has converted the problem of unequal
error variances to one with error variances all equal to 1. So the
“asymptotic limit of detection” becomes
p
(12)
λcrit = d/N .
We define the EID as the number of λj ’s greater than λcrit . Of
course, EID ≤ ID, because λcrit > λM + 1 = 0. We shall see that,
in our simulations, for smaller values of M̂ , EID = ID, while
for larger values of M̂ , EID < ID, reflecting the fact that, as M̂
becomes larger, the additional endmembers represent signals
in the real scene, which are 1) minor variations of other more
ubiquitous endmembers, 2) rare, or 3) nonexistent altogether.
V. SIMULATIONS

In order to decide on a plausible range of values of M̂ , we first
apply the five ID estimation methods described in Section III
to the real datasets. For HFC, NWHFC, and NSP, we give the
results for Pf = 10−3 , 10−4 , and 10−5 in that order. The results
are shown in Table I.
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Indian Pines: Real and simulated scaled PCs (M̂ = 20). (a) Real scaled PCs. (b) Simulated scaled PCs (M̂ = 20).

Fig. 7.

Cuprite: Real and simulated scaled PCs (M̂ = 36). (a) Real scaled PCs. (b) Simulated scaled PCs (M̂ = 36).
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Fig. 6.

Our initial assumption is that, for each image, the true ID
is somewhere in the range of estimates in Table I. However,
the ranges are very large: 11–62 for Indian Pines and 16–37
for Cuprite. HySime gives the lowest estimates and NSP gives
the highest estimates for both datasets. This is a great concern
because the papers which introduce these two methods, [2] and
[3], are probably the two most highly cited papers on ID estimation in the hyperspectral literature. The NSP estimates for
Indian Pines (62, 60, and 59) are particularly hard to believe;
see the discussion in Section III-C for a possible explanation
of this extreme behavior. Low HySime estimates were also obtained by Robin, Cawse-Nicholson, Mahmood, and Sears [16],
when applied to several real datasets (different from those analyzed here), but not in their simulated datasets, which used
N-FINDR [17] to generate their endmembers. Another issue
which this table highlights is the difficulty in deciding on the

appropriate value of Pf for the three VD methods. Chang and
Du [2] use Pf = 10−3 , while Robin, Cawse-Nicholson, Mahmood, and Sears [16, Sec. II.C] state: “We have confirmed the
stability of this value in preliminary experiments, as using 10−3
or 10−4 made no difference in the results.” The HFC estimates
for the Cuprite scene are inconsistent with their observations,
suggesting potential problems with HFC at least.
In order to assist us with narrowing the range of plausible
values of M̂ , Figs. 6(a) and 7(a) show the first 25 and 48 “scaled”
PCs for the Indian Pines and Cuprite scenes, respectively (i.e.,
after dividing each band by Roger’s error SD estimate). Each
PC image has been linearly stretched over the range of its mean
+/− 2.5 SDs, so that any signal is apparent.
Real signal is apparent in perhaps the first 20 Indian Pines
PCs, which is why we have chosen this value of M̂ for illustrative purposes. However, there is some form of horizontal
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instrumental noise in later PCs (which our model will treat as
“signal” because it is spatially correlated), as well as some vertical and “speckly” features in some of the earlier PCs. It is
difficult to assess whether these features are in the scene or are
instrumental effects. Fig. 6(b) shows the simulated scaled PCs
when M̂ = 20. Signal is apparent in the first 14 PCs (which
suggests that M̂ = 20 may be too small). Of these, the first nine
are similar to the corresponding real images. The horizontal,
vertical, and many of the speckle features are absent from the
simulated PCs, which highlights the need to incorporate such
“artefacts” in mixture models. However, their absence from the
simulated images makes it easier to compare the various ID
methods under the model assumptions of this paper. Based on
our interpretation of Fig. 6(a), we have decided to omit the
HySime and NSP estimates of the real Indian Pines dataset and
simulate it with M̂ varying between 17 and 29.
Strong signal is apparent in perhaps the first 31 or 32 Cuprite
PCs. However, there are weaker “spatially coherent” signals apparent in most of the remaining PCs, up to PC 48. Perhaps these
weaker signals are due to local variants of some endmembers
and/or small nonlinearities in the mixing. However, from the
point of view of a linear mixture model, they are real signals.
There are no apparent nonrandom instrumental effects. Based
on our interpretation of Fig. 7(a), we have decided to omit the
much smaller HySime estimate of the real Cuprite dataset and
simulate it with M̂ varying between 22 and 37. Fig. 7(b) shows
the simulated scaled PCs when M̂ = 36. This allows for the
strong signals plus a few weak ones. Signal is apparent in the
first 27 or 28 PCs, although there is a faint signal in PC 31.
Again, this suggests that M̂ = 36 may be too small. The first
14 PCs of the real and simulated images are similar.
Fig. 8(a) and (b) shows the mean (±2 SDs) for the five ID
estimates versus M̂ for the simulated Indian Pines and Cuprite
images. Following [2] and [16], we use Pf = 10−3 for HFC,
NWHFC, and NSP. The first thing to note is that, for smaller
values of M̂ , EID = ID. However, as M̂ becomes larger, EID <
ID, probably due to the reasons given at the end of Section IV.
For the Indian Pines simulations, all five estimators are almost
independent of M̂ . This probably reflects the fact that the true
ID is at the lower end of the range of values of M̂ chosen, and the
inability of any of the estimators to detect weak or rare signals
in the simulated (and possibly real) data. The mean estimates
of the simulations of each of four of the five ID estimation
methods are in the same order as their corresponding estimates
for the real data (NSP > HFC > NWHFC > HySime). HFC
and NWHFC are on average about the same as for the real
data, while HySime is a little smaller. NSP drops from 62 to
the high 40s (which is still far too high), while RMT drops
from 19 to a range of 10–12. The drop in the HySime, NSP,
and RMT estimates may, at least in part, be due to the positive
bias in Roger’s band estimators. Because HFC and NWHFC
compare the eigenvalues of covariances with and without mean
correction, they are perhaps somewhat less sensitive to this bias,
whose effects may be about the same on both sets of eigenvalues.
The most striking feature for the Cuprite simulations is that
the mean values of the HFC estimates are much too high for
M̂ < 32, but very good for M̂ ≥ 32 (although its SDs are very

9

Fig. 8. Mean (±2 SDs) for five ID estimates versus M̂ for simulated Indian
Pines and Cuprite images with variable SNR (P f = 10 −3 ). (a) Indian Pines.
(b) Cuprite.

large). We have no explanation for this as yet. All the remaining
estimates lie below EID, but gradually increase with M̂ , probably reflecting the fact that the true ID is at the upper end of the
range of values of M̂ chosen. If one restricts attention to values
of M̂ above 32, the mean estimates of simulated HFC estimates
comes closest to the corresponding estimate for the real data
(36), while the means of the remaining simulated estimators
tend to be a little less than their counterparts for real data. This
is consistent with the behavior seen with the simulated Indian
Pines data.
Overall, HFC is clearly the most variable of the estimators.
Because NWHFC is a whitened version of HFC, its variability
is greatly reduced and is comparable to that of HySime. Both
are a little more variable than RMT. NSP’s variability appears
to be a function of its mean.
The results in Fig. 8(a) and (b) are for variable SNR. We have
also carried out simulations using constant SNR, whose values
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are shown in Fig. 2(a) and (b). We do not plot the results here.
Generally speaking, however, the estimators are a little larger
than for their variable-SNR counterparts. For the Cuprite data,
the HFC and NWHFC estimates are even more variable than are
their variable-SNR counterparts.
VI. CONCLUSION AND FUTURE WORK

ro
of

The ten papers cited near the beginning of this paper (a number of which are highly cited) use simulations to introduce or test
either 1) methods for estimating the ID of hyperspectral data,
or 2) methods for estimating endmembers in such data. In our
opinion, these simulations are so different from real-world data
that one cannot be confident that the various advocated methods
work well with real-world data. We have introduced a general
methodology which aims to make the simulations more realistic. We have also explored various options within the general
framework, including 1) comparing the use of variable and constant SNRs for the errors, and 2) comparing the MVT and ICE
algorithms as inputs to the simulation method. We believe that
by attempting to produce more realistic simulations, we have
obtained greater insights into the strengths and weaknesses of
various advocated methods. In particular, we have observed that
Roger’s error variance estimates are positively biased. This has
led us to prove (in Appendix A) that this is always so. We have
also demonstrated that the average relative bias of Roger’s error variance estimates is an increasing function of M/d and
developed some theory in Appendix B to support this.
Although there are differences between the ID estimates for
the real images and their simulated counterparts, they are mostly
consistent. In addition, our approach strongly suggests that HFC
and NSP are highly variable (and hence unreliable) ID estimators. On the other hand, NWHFC, HySime, and RMT appear to
underestimate ID (or even EID). This may in part be due to the
bias in Roger’s variance estimates. So a first goal is to see if this
bias can be corrected.
Toward this end, Mahmood, Robin, and Sears [29] have recently developed a first-order correction to Roger’s error SD
estimate. We have applied this correction to three real and
simulated hyperspectral images (including the two presented
here). For the three simulated images, although the bias of the
corrected estimates is certainly reduced, it still appears to be a
little positive. In addition, for the real image not presented here
(which has worse artefacts than those in the Indian Pines scene),
some of the bands have very small error variances. Unfortunately, the first-order correction produces negative estimates of
some of these. So, although promising, the new method needs
some further development, which we intend to investigate.
Depending on the results of these investigations, modifications of some of the above ID estimation methods (or possibly
entirely new ones) may need to be developed to make them more
accurate than Fig. 8(a) and (b) suggest that they are.
Recently, Robin, Cawse-Nicholson, Mahmood, and Sears
[16] and Cawse-Nicholson, Robin, and Sears [30] have investigated the estimation of ID in the presence of correlated noise,
which is known to have a significant presence in some instruments. They used various multivariate and spatial methods to

estimate the ID. It is our intention to investigate these methods,
again with the aid of semirealistic simulations of natural hyperspectral scenes, and if necessary either to improve them further
or to develop new methods for correlated errors.
Another issue that has not been addressed in this paper is
sparsity. Once the endmembers have been estimated, one needs
to estimate the proportions. In our simulations, we have fitted
the spectrum in each pixel using LS fitting in MNF space with
the constraints that the weights are nonnegative and sum to
1. However, even though this constraint forces some of the
weights to be zero, it generally leaves too many endmembers
with small (positive) weights. In recent years, “sparse unmixing”
techniques have been introduced [31]–[33]. These force many of
these small weights to be zero. It will be interesting to see what
impact “sparsity” has on the simulated data. In particular, for
large M̂ , the maximum proportion of some of the endmembers
in a simulated scene will be very small. Forcing sparsity may
push the maximum proportion of some of these endmembers to
zero, thus reducing the EID.
APPENDIX A
PROOF OF POSITIVE BIAS OF ROGER’S BAND SD ESTIMATORS

IEE

EP

Before we prove that Roger’s band SD estimators are always
positively biased, we need to carefully state our assumptions,
which are fairly standard. Because we are assuming that the error
covariance matrix is diagonal, we need to modify Assumption
1 appropriately.
Assumption 1a: Σǫ is diagonal, all of whose diagonal entries,
2
, j = 1, . . . , d, are “strictly” positive.
σǫ,j
Equation (10) implies that the rank of ΣS is M (< d). We,
therefore, modify Assumption 2 to the following.
Assumption 2a: ΣS is positive semidefinite with (unknown)
rank M (< d).
In addition, we assume the following.
Assumption 3: Si and ǫi are uncorrelated.
Let ΣX denote the expected value of the data. It follows from
(1), (10), and Assumption 3 that

ΣX = ΣS + Σǫ .
(13)
PN
P
T
Let X̄ = N
i= 1 Xi /N , let Σ̂X =
i= 1 Xi Xi /N denote the
sample covariance matrix of the observed data, and let vj denote
the jth diagonal entry of Σ̂−1
X . Quoting other references, Roger
[13, Sec. 2.3.1] pointed out that
2
,
vj−1 = σ̂ǫ,j

j = 1, . . . , d.

(14)

Either this formula or (4) can be used to provide Roger’s estimator of the band error variances (and hence their SDs).
The flaw in Roger’s approach is easily seen from the regression interpretation, on which (4) is based. When regressing one
band on the remaining d − 1 bands, the d − 1 explanatory variables themselves have errors. This is the cause of the bias, and
as it happens, it is always positive.
In the proof that follows, we make no distinction between
the theoretical covariance matrices in (13) and their sample
versions. The differences are negligible if N is large enough.
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We do not know how large N needs to be, but it will certainly
be the case for most real-world datasets.
Proof: It follows from (13) and (11) that
Σ−1
X

−1

T

= A(Λ + I) A
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Take the trace of both sides of (25) and use its cyclic property
and the last equality in (24) to obtain
tr ((ΣX∗ )−1 ) = tr((Λ + I)−1 )

(15)

d
X

=

and

k=1

T
Σ−1
ǫ = AA .

(16)

aTj

d
X

−2
a2jk = σǫ,j
.

k=1

(17)

Let ej denote the d-vector, which has zeroes everywhere,
except for the jth position, which equals 1. It then follows from
the definitions of vj , aj , (15), and (17) that
vj = eTj Σ−1
X ej
=
=
=

−1

T

A(Λ + I) A ej

aTj

−1

(Λ + I) aj
a2jk /(λk + 1)

d
X

a2jk

k=1

−2
= σǫ,j

(18)

(19)

j = 1, . . . , d.

(21)
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Note that the strict inequality (19) holds provided that the largest
eigenvalue is positive.
APPENDIX B
DERIVATION OF INEQUALITIES (7) AND (8)

At this point, it will be convenient to let

Σ∗S = Σǫ−1/2 ΣS Σǫ−1/2 , Σ∗X = Σǫ−1/2 ΣX Σǫ−1/2 .

(22)

These are just the covariance matrices of the signal and data
respectively after each band has been divided (i.e., “scaled”) by
the true error SD in each band. Then, (13) becomes
=

Σ∗S

+I

(23)

and (11) can be converted into a “standard” eigendecomposition,
in which the band error variances all equal 1:
B T Σ∗S B = Λ,

d
X

b2jk /(λk + 1)

B T B = BB T = I

(24)

1/2

where B = Σǫ A. Note that, because B is orthogonal, (24)
includes one more equality than (11) does.
The analog of (15) is
(Σ∗X )−1 = B(Λ + I)−1 B T .

d
X

b2jk

k =M + 1

by (17). Invert both sides of this inequality and use (14) to obtain

Σ∗X

rj−1 =

>

(20)

2
2
σ̂ǫ,j
> σǫ,j
,

because Assumption 2a implies that the last d − M λk ’s are
all zero. However, it follows from the second equality
P in (6),
(14), and (22) that the left-hand side of (26) is just dj= 1 rj−1 .
Substitute this into (26) and divide both sides by d to obtain (8).
To obtain inequality (9), let (bj 1 , . . . , bjd ) denote the jth row
of B. Using an analogous argument leading to (6), (14), and
(17), we obtain

again because the last d − M λk ’s are all zero. Invert this inequality to obtain
Ã d
!−1
X
2
bjk
.
(27)
rj <

EP

k=1

<

(26)

k=1

eTj

d
X

> d−M
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Let
≡ (aj 1 , . . . , ajd ) denote the jth row of A. It then
follows from (16) and Assumption 1 a that
aTj aj =

(λk + 1)−1

(25)

k =M + 1

In order to make further progress, we need to make a distributional assumption about the bjk ’s. Note first that, analogous to
(17), we have from the second equality in (24) that
d
X

b2jk = 1.

(28)

k=1

We make the following (Bayesian) assumption:
Assumption 4: For each j, conditional on (28), bTj ≡
(bj 1 , . . . , bjd ) is uniformly distributed on the d-dimensional
sphere of radius 1.
Pd
2
Under this assumption,
k =M + 1 bjk has a Beta distri1
bution with parameters 2 (d − M ) and 12 M [34, p. 49]. It
P
is then straightforward to show that E(( dk =M + 1 b2jk )−1 ) =
(d − 2)/(d − M − 2). Substitute this into (27) to obtain (9).
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