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Abstract—Multimodal learning, also known as multi-view
learning, data integration, or data fusion, is an emerging field
in signal processing, machine learning, and pattern recognition
domains. It aims at building models, learned from several related
and complementary modalities, in order to increase the generalization performances of a predictive learning model. Multimodal
manifold learning extends spectral or diffusion geometry-aware
data analysis to multiple modalities. This can be performed
through the definition of undirected graph Laplacian matrices
in different modalities. However, finding common eigenbasis
of multiple Laplacians is not always a relevant solution for
multimodal manifold learning problems. As a matter of fact, the
Laplacians of all modalities are not simultaneously diagonalizable
in many real-world problems due to the major differences
between the different modalities. In this paper, we propose
a multimodal manifold learning approach based on intrinsic
local tangent spaces of underlying data manifolds in order to
discover the local geometrical structure around matching and
mismatching samples in different modalities in sparse diagonalization problems. This approach searches for approximate
common eigenbasis of Laplacian matrices by expanding the signal
of limited existing information about matching and mismatching
samples of different modalities to their on-manifold neighbors.
Experiments on synthetic and real-world datasets in supervised,
unsupervised, and semi-supervised problems demonstrate the
superiority of our proposed approach over existing state-of-theart related methods.
Index Terms—dimensionality reduction, intrinsic tangent
space, manifold learning, multimodal signal processing, Laplacian matrices joint diagonalization.

I

I. I NTRODUCTION

nformation on many natural phenomena or systems can be
acquired from various source domains, using different types
of sensors with different characteristics and properties. The
term ”modality” refers to each type of acquired signal. Data
acquired using a single modality usually only contain partial
information of an object. Multimodal offers complementary
information from different modalities [1]. For example, natural language understanding can involve written data, spoken
language as well as video recording of the speaker. Remote
sensing scene interpretation can include Lidar, radar or optical
acquisitions of one given scene, with different properties [2].
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During the last decade, studying multimodal machine learning emerged and attracted considerable attention in signal
processing, pattern recognition and machine learning communities [3], [4], [5], [6]. Multimodal learning fuses the encoded
complementary information from multiple modalities to discover a latent representation of data and consists in developing
inference models to learn a unique function to model each
modality and find optimal functions simultaneously to improve
the generalization performances.
Due to the ability of neural network-based methods in
learning the latent representations in an unsupervised manner,
they are extensively used in multimodal learning. For example,
the variational autoencoders (VAE) are used to learn a shared
latent representation in multi-view problems [7]. Several other
famous methods are based on Bayesian inference techniques.
Because these methods are able to explore the spatial and
temporal structures of data, they are well used to combine
the modalities into a joint representation in temporal modeling
problems [2], such as audio-visual speech recognition (AVSR)
using deep Bayesian belief networks [8].
One of the most important categories of multimodal learning methods are based on extending spectral or diffusion
geometry-aware data analysis to multiple modalities that are
known as multimodal manifold learning. These methods involve various issues in various fields such as domain adaptation [9], [10], medical and biological multimodal data processing [11], [12], remote sensing [13], [14], or hyperspectral
signal processing [15].
In the literature, various methods have been developed to
analyze multimodal problems considering data manifolds in
different modalities. Some of these methods try to learn a common low-dimensional latent space from different modalities
such as, SCVM [16], MVML-LA [17], and LeMA [18]. The
other category of multimodal manifold learning methods tries
to learn an objective function that projects the original data
into a low-dimensional space based on separability between
manifolds, such as KEMA [19], NDML [20], and MVL [21],
which is different from typical multiple kernel learning (MKL)
approaches [22]. All of these methods assume that the data
samples in various modalities are completely paired and have
the same number of data samples. Also in some of them, data
samples in various modalities are assumed to be homogeneous.
These assumptions significantly limit their application scope.
More practical assumptions in many multimodal problems
are: 1) there are not the same number of samples in each
modality, and 2) there are no explicit sample correspondence
information between modalities, because they are collected
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independently.
By considering these assumptions, some other multimodal
manifold learning methods have been developed to discover
a common eigenbasis of Laplacians among all modalities
by extending different spectral and diffusion methods to the
multimodal setting [23], [24], [25].
However, due to the differences between modalities, the
Laplacians of all modalities are typically diagonalizable only
between matching samples. In these problems, which are
called sparse diagonalization problems, many matching samples from different modalities are required to find approximate
common eigenbasis in Laplacian matrices. The determination
of these samples in each modality is one of the drawbacks of
the sparse diagonalization problems.
In order to tackle this limitation, it is essential to synthesize
and extend the geometrical relationship information of data
manifolds in different modalities. In a recent paper [25], we
used functional mapping to extend limited supervised information on modalities manifolds. Conversely, in the current paper,
we propose another technique, called local signal expansion
for joint diagonalization (LSEJD), that uses the intrinsic local
tangent spaces for signal expansion of multimodal problems.
Local tangent spaces are used to discover the local geometrical
structure of manifolds, and determine the new proper matching
and mismatching samples in each modality and provide a
powerful and flexible tool to extend little known related information. Given the signal of limited matching and mismatching
information between different modalities as several matrices,
we locally extend these signals by inserting new informative
columns to contain more geometrical knowledge of data cloud,
using manifold tangent spaces in different modalities.
In summary, this method uses the same regularization
framework given in most of the sparse diagonalization problems to approximate common eigenbasis for Laplacian matrices of all modalities. But, unlike [24] and the most state-ofthe-art methods, in which the correspondence information of
samples are manually selected based on the expert knowledge,
the proposed method introduces a new framework to find automatically the additional matching and mismatching samples
by locally extending the existing correspondence information
in different modalities, while respecting their geometric structures.
The main contributions of this work are summarized as
follows:
• The proposed method extends manifold learning to multimodal scenarios in a semi-supervised setting by the
propagation of the existing supervised information to
their local neighborhoods. We use a multimodal manifold
learning framework by approximation of common Laplacian eigenbasis. Different from the methods in which all
matching samples are determined with expert knowledge,
we use the local alignment of tangent spaces to discover
the local geometrical structure of matching and mismatching manifold parts in each modality.
• Unlike most multimodal learning methods that need an
accurate determination of many matching and mismatching samples, our proposed method is able to achieve better
results than other methods using only a few samples.

TABLE I: Description of all variables
Variable
m
di
ni
Mi
Xi (ni × di )
q
u
tc
tb
ξi
Li (ni × ni )
Λi (ni × ni )
Vi (ni × ni )
Ci, j (ni × q)
i, j

cl (ni × 1)
i, j
ct,l
Bi, j (ni × q)
Tixk (di × ξi )
C0i, j (ni × (q × tc ))
B0i, j (ni × (q × tb ))

Description
number of modalities
input dimension of modality i
number of samples in modality i
underlying manifold of modality i
data points matrix in modality i
number of matching samples
number of mismatching samples
number of selected nearest neighbors samples
number of selected farthest neighbors samples
intrinsic dimension of manifold Mi
Laplacian matrix of modality i
eigenvalues of modality i
eigenvectors of modality i
matching matrix between two
modalities i and j, respectively
the column l of matrix Ci, j
i, j
the entry t of the vector cl
mismatching matrix between two
modalities i and j, respectively
tangent space projection matrix
of manifold Mi at sample xk
extended matching matrix between two
modalities i and j, respectively
extended mismatching matrix between two
modalities i and j, respectively

We show the generalization ability of both the supervised
and the unsupervised versions of the proposed method,
by applying it to various tasks such as manifold learning,
multimodal clustering, and multimodal classification.
The remainder of the paper is organized as follows. In section II, we review the basic formulation of the used multimodal
manifold analysis framework and outline its learning paradigm
in full matching and sparse matching Laplacian diagonalization. Following this, our proposed framework is introduced in
section III. Experiments are presented and discussed in Section
IV. Finally, Section V concludes the paper.
•

II. P ROBLEM FORMULATION
The main purpose of multimodal manifold learning is trying
to learn the common low-dimensional embedding for all
modalities. Suppose
 thatm multimodal data are acquired from
m different spaces S i i=1 with different dimensions {di }m
i=1 .
Also, suppose that there is an underlying manifold Mi ⊂ Rdi
for data in modality i, where di is the space dimension of
modality i. Let also ni be the number of samples in modality
i.
All variables used in this paper and their descriptions are
summarized in Table I.
The manifold is often modeled by an undirected weighted
graph and is more precisely analyzed with the Laplacian matrix of this graph. The undirected weighted graph corresponding to the
Mi can be constructed by defining the data
 imanifold
i
points x1 , ..., xni ⊂ S i as vertices with the adjacency matrix
W, whose elements wk,l = K(xk , xl ) contain the neighborhood
relations between samples and their measure of similarity
using kernel K(., .).
The Laplacian matrix L is defined as L = D − W where
D = diag(∑k6=l wk,l ) is the diagonal matrix of nodes degree. For
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A multimodal manifold learning algorithm tries to learn
a common space of data based on geometric structure of
each modality (within-modality structure), as well as semantic
relationship between all modalities (between-modality correlation). The main challenge in a multimodal scenario is
representing data from various modalities in a common space
by finding a common eigenbasis of all m Laplacian matrices
{Li }m
i=1 .
In a particular case, if all m neighborhood graphs of
Laplacian matrices {Li }m
i=1 are isomorphic, i.e. 1) they have
the same number of samples, 2) they have the same structure
(isometric), and 3) the smallest eigenvalue of each Laplacian
matrix has no multiplicity (connected graph), they are jointly
diagonalizable and there exists a common set of orthonormal
vectors V (joint eigenvectors) for all Laplacian {Li }m
i=1 , such
that VT Li V = Λi , where Λi = diag(λi,1 , ..., λi,ni ) is a diagonal
matrix of the eigenvalues of Li .
In practice, because there are different sensing conditions
and different number of samples in each modality, their
eigenbasis are different, and we need to find an approximate
eigenbasis in each modality. These approximate common
eigenbases V1 , ..., Vm must have three characteristics [24]:
1) For each Laplacian matrix Li , there is an eigenbasis
Vi that diagonalizes it, i.e., VTi Li Vi = Λi , where Λi =
diag(λi,1 , ..., λi,ni ) are the eigenvalues of Li . In this case,
the eigenvalues λi,1 , ..., λi,ni and eigenbasis Vi can be
regarded as frequencies and Fourier basis, respectively.
In the approximate common eigenbasis, using the first
k eigenvectors in Vi corresponding to the k greatest
corresponding eigenvalues ensures that the embedding
preserves the neighborhood structures well [26].
2) Approximate common eigenbasis should be orthonormal, i.e. VTi Vi = I. This ensures an efficient embedding
because the dimensions of the embedding are uncorrelated.
3) Approximate common eigenbasis should be consistent
based on given matching and mismatching samples (as
discussed in the next subsection).

textual modality

A. Approximate common eigenbasis of Laplacian matrices

visual modality

m

all m Laplacian matrices {Li ∈ Rni ×ni }i=1 , there are unitary
eigenspaces Ui ’s, where Li = Ui Λi UTi , and Ui is a matrix with
eigenvectors of Li as its columns, and Λi is the diagonal matrix
of the corresponding eigenvalues. The eigenbasis Ui of the
Laplacian matrix Li can represent data in modality i.

A

B

C

'water'
'cat'
'sea'
'washington'
'tiger'

'nature'
'water'
'explore'
'sea'
'fish'

'red'
'macro'
'flower'
'flowers'
'rose'

D

E

F

Fig. 1: An example of matching and mismatching samples in
a dataset with two modalities, visual and textual.
representing specific information brought by the different
modalities.
Applying consistency in computing common eigenbasis by
using matching samples is required. However, considering
mismatching samples constraints can also be useful in the multimodal problems in order to better approximate the common
eigenbasis. Using these constraints is helpful especially in the
situations where there are missing data in some modalities. In
such cases, there may be a modality with very few or even
no matching samples with other modalities. Since a point in
a modality is typically mismatched with many other points
in another modality, there can exist much more mismatching
sample pairs than the matching ones between modalities.
For example, consider a problem with two modalities, such
as visual and textual, respectively. As can be seen in Fig. 1,
matching samples are {A, D}, {B, E}, and {C, F} because they
provide the most semantic commonalities, and {A, F}, {B, F},
{C, D}, and {C, E} are mismatching samples because they
have the least semantic commonality. Samples {A, E}, and
{B, D} do not offer any strong semantic relationship. Also,
as can be seen, it is possible that one given sample in a given
modality be matched or mismatched with multiple samples in
another modality.
In order to determine matching samples between two modalities i and j with a set of q matching samples, two matching
matrices Ci, j and C j,i are defined. For example Ci, j is defined
as follows:
 i, j

c1,1 ci,1,2j · · · ci,1,qj
 i, j
i, j
i, j 
 c2,1 c2,2 · · · c2,q 

Ci, j =  .
..
.. 
..

.
.
 .
.
. 
ci,nij,1 ci,nij,2 · · · ci,nij,q n ×q
i

B. Matching and mismatching samples
The samples correspondence information, based on the
semantic relationship that they provide between modalities,
are divided into two categories, matching and mismatching
information.
Matching samples are data points in the feature space
where the manifolds obtained from different modalities are in
accordance with similar data samples, representing the same
objects. They represent redundant information between the
different modalities. On the contrary, mismatching samples
represent data points that are related to dissimilar data, hence

ci,l j

T

i, j i, j
The l-th column of the matrix Ci, j is
= [c1,l
c2,l ...ci,nij,l ] .
If there is a set of q matching samples {k1i, j , ..., kqi, j } and
{k1j,i , ..., kqj,i } in modalities i and j, respectively, for the l-th
matching consistency (1 ≤ l ≤ q), kli, j is matched with klj,i ,
where kli, j ∈ {1, 2, ..., ni } and klj,i ∈ {1, 2, ..., n j }. In this coding,
the value of entry ci,i,j j in column l of Ci, j is set to one and
kl ,l

other entries are set to zero. The corresponding column l of
C j,i contains one at entry c j,ij,i and zero for all other entries.
kl ,l

This special case is referred to as sparse matching.
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For example, suppose that modalities i and j contain data
samples {a1 , ..., a3 } and {b1 , ..., b4 } respectively (thus ni = 3
and n j = 4), and there are q = 2 matching samples {1, 3} and
{2, 3} between them, which means sample a1 in modality
i is matched with sample b2 in modality j, and sample a3
in modality i is matched with sample b3 in modality j. The
coding of these matching samples are defined as follows:




0 0
1 0
1 0

Ci, j = 0 0
C j,i = 
0 1
0 1 3×2
0 0 4×2

contains the eigenvectors of L as its column, a solver of the
optimization problem (2) achieves the minimum value of zero.
JADE method: In this method, under the full matching
assumption, the approximate joint eigenvectors V of the Laplacian matrices are found by solving the following optimization
problem [28]:

When all modalities have an equal number of samples ni = n
and data in each modality are sorted similarly, and Ci, j = I for
all i, j = 1, ..., m, we have the simplest case of correspondences,
where we simply have a single basis Vi = V for all modalities.
This case is referred to as full matching.
By specifying matching matrices Ci, j and C j,i in modalities
i and j, since the basis for all modalities must be consistent,
their corresponding eigenbasis are expected to be as similar as
possible, i.e. CTi, j Vi = CTj,i V j . This condition is called Fourier
coupling in [24].
Similar to the matching matrix, two mismatching matrices
Bi, j and B j,i in modalities i and j are defined, respectively.
If there is a set of u mismatching samples {gi,1 j , ..., gi,u j } and
{g1j,i , . . . , guj,i } in these two modalities, for the l-th mismatching consistency (1 ≤ l ≤ u), gi,l j is mismatched with glj,i , where
gi,l j ∈ {1, 2, ..., ni } and glj,i ∈ {1, 2, ..., n j }. In this coding, the
value of entry bi,i,j j is set to one and other entries are set to

In the full matching simultaneous diagonalization problem,
we assumed that there are full matching samples, which is
feasible if the numbers of data in all modalities are equal.
However, this assumption is too restrictive.
In most multimodal problems, there are different numbers
of samples in each modality (e.g. due to different space
or time samplings, or different frame rates) and we use
sparse point-wise correspondence information that is called
sparse matching case. Sparse matching simultaneous diagonalization
of the Laplacian problem uses a set of matrices

m
Ci, j ∈ Rni ×q i, j=1,i6= j whose columns contain the corresponding vectors in the respective modalities.
The purpose of sparse matching simultaneous diagonalization
is to find a set of corresponding basis

m
Vi ∈ Rni ×ni : VTi Vi = I i=1 such that VTi Li Vi are approximately diagonal for i = 1, ..., m, and V1 , ..., Vm behave consistently. To ensure this, following definitions of subsection II-B,
we define a matching matrix Ci, j on manifold Mi and a matching matrix C j,i on manifold M j such that their corresponding
eigenbasis are required to coincide, i.e. CTi, j Vi = CTj,i V j [29].
Similarly, we introduce a mismatching constraint between
mismatching matrices Bi and B j such that their corresponding
eigenbasis are required to be as different as possible. Finding
the sparse matching joint Laplacian diagonalization can be
formulated as the following optimization problem [24]:

gl ,l

zero. The corresponding column l of B j,i contains one at entry
b j,ij,i and zero for all other entries.
gl ,l

In order to make consistency in the eigenbases {Vi }m
i=1
based on mismatching samples, their respective Fourier coefficients, BTi, j Vi and BTj,i V j , are required to be as different as
possible.

m

min

∑ o f f (VT Li V)

D. Sparse matching simultaneous diagonalization of Laplacians

m

C. Full matching simultaneous diagonalization of Laplacians
Nonlinear dimensionality reduction methods try to represent
high-dimensional data with an intrinsic low-dimensional manifold M. Finding a neighborhood preserving k-dimensional
embedding of M can be posed as the following minimum
eigenvalue problem [26]:
min tr(UT LU) s.t. UT U = I

U∈Rn×k

(1)

which has an analytical solution U = [u1 , ..., uk ] containing
the first k eigenvectors of Laplacian matrix L corresponding
to its smallest eigenvalues. Thus, by using the eigenvectors of
the Laplacian matrix, the data are embedded effectively. The
problem (1) can be optimized with eigensolvers based on the
Jacobi iteration [27] and formulated as follows:
min o f f (UT LU)

UT U=I

(2)

where o f f (X) =k X − Diag(X) k2F is an off-diagonality criterion of squared matrices X and Diag(X) contains only the
diagonal values of X. For a symmetric matrix L, when U

(3)

VT V=I i=1

min

∑ o f f (VTi Li Vi ) + µc

VTi Vi =I i=1

−µb

m

2

∑

k CTi, j Vi − CTj,i V j kF

∑

BTi, j Vi − BTj,i V j

i, j=1
m

k

i, j=1

2
kF

(4)

E. Local tangent space of the intrinsic manifold
Assume n data samples {xi }ni=1 residing on a smooth
manifold M ⊂ Rd . There is a tangent space at each point xi of
M that is a good local approximation of the manifold at this
point [30]. This local tangent space, Txi , is a linear manifold
that locally approximates the nonlinear manifold M at xi . In
practice, if the manifold is smooth enough, the PCA-based
subspace constructed on the neighborhood of xi can be a good
approximation of the tangent space at xi [31]. To acquire the
local tangent space at point xi , Principal Component Analysis
(PCA) isfirst performed on its neighboring data samples
N (xi ) = xi1 , ..., xik that is the local patch built by the xi
and its
n k nearesto neighbors. Then, the best ξ eigenvectors
i
R = ri1 , . . . , riξ of the local covariance, where ξ is equal
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𝛕𝑖𝑗
𝐫2𝑖
𝐱 𝑖𝑗
ℳ

Fig. 2: The local tangent space Txi of a 2 − D manifold M
in 3 − D space at point xi , and the projection of its j-th onmanifold neighbor xi j onto this tangent space.
to the dimensionality of the intrinsic manifold, are extracted
to estimate from N (xi ), which constitute an orthogonal basis
Txi .
In high-dimensional data space, the coordinate of the neighborhood xi j in the approximated tangent space can be obtained
as follows:
τ i j = TTxi (xi j − xi )

(5)

where Txi = [ri1 , ..., riξ ] is the projection matrix on tangent
space at xi , and xi j is j-th nearest neighbor of xi , 1 ≤ j ≤ k.
In the tangent space, the distance between xi and xi j can be
approximated by the Euclidian distance, i.e. by the norm of
τ i j (see equation (6) below) instead of using a more complex
geodesic metrics on the manifold.
An illustration of the local tangent space of manifold M
at xi and the projection of xi j on this subspace corresponding
tangent coordinates system, τ i j , are shown in Fig. 2.
III. T HE METHODOLOGY OF SPARSE MATCHING
SIMULTANEOUS L APLACIAN DIAGONALIZATION BASED ON
LOCAL SIGNAL EXPANSION

In this section, we first introduce the motivation and theoretical analysis of using local tangent space in expanding
the matching and mismatching samples. Then, we present
our proposed approach for sparse simultaneous Laplacian
diagonalization. Finally, the computational complexity of this
method is presented.
A. Motivation
A drawback of the sparse diagonalization case is the limited existing knowledge given by matching and mismatching
constraints between modalities, determined for example by
a domain expert. Actually, having matching or mismatching
regions instead of sample points on different manifolds in
different modalities is more reasonable and useful for realworld problems. Therefore, we try to propagate instance-level
knowledge to their intrinsic neighbors to obtain patch-level
knowledge about the correspondence of manifolds.
In most of the machine learning problems, data samples are
represented in a high-dimensional space, while the intrinsic dimension of them, i.e. the degrees of freedom or the number of
underlying data variations in the dataset, is often much smaller

than the input space dimension. The intrinsic dimension ξ
can be interpreted as the dimensionality of the manifold M
embedded within the d-dimensional ambient space S where
ξ << d.
Although the idea of simultaneously diagonalizing the
Laplacian matrices provides a powerful and flexible tool to
discover the underlying data manifold, it may not be able to
capture the local geometrical structure of data and loses much
useful information, especially when data are sparsely distributed in the original space. Since the graph Laplacian constructed by sparsely distributed data in the high-dimensional
space can be hardly connected to a smooth manifold, it may
not be able to discover the correct geometrical relationship
between data samples and their underlying manifold [32].
The local tangent spaces of the underlying manifold M can
reflect the manifold structure in each region of data space. By
representing each sample based on the intrinsic dimensions
on a local tangent space of M, the local variations become
more important in discovering the geometrical structure at each
sample while it avoids unwanted noise and global variation.
Since the local tangent space of M at sample xi , Txi , has
the same dimension as M, by mapping its neighboring data
samples N (xi ) on Txi , 1) data is mapped to a subspace with
intrinsic dimension, 2) the role of local variations becomes
prominent due to the local nature of the tangent spaces, and
3) index of the most similar sample to xi among its k Euclidean
nearest neighbors, shown by si , is found more effectively as
follows:
si = argmin k TTxi (xi j − xi ) k2 .
(6)
1≤ j≤k

This equation constitutes the basis for computing equations
(21) and (22), as will be explained in subsection III-C.
Inspired by these characteristics of local tangent spaces,
we developed the idea of simultaneous diagonalization of
Laplacian matrices of each modality by expansion of the local
signal of relevant information among different modalities.
B. Theoretical analysis
In this section, we propose a theoretical analysis of using local tangent space in extending knowledge of matching/mismatching samples. We first show why the PCA-based
subspace constructed on the neighborhood of each sample can
be an accurate tangent space approximation at that sample.
Then, we explain why approximated tangent coordinates can
find more similar/dissimilar samples compared to Euclidean
distance by analyzing the error between the approximated
tangent coordinates and their true values.
For the first part, we find a subspace within each local
neighborhood of the data manifold by minimizing the sum
of the projecting distances between the data samples of the
neighborhood and their orthogonal projections in the subspace.
This subspace is used as an approximation to the tangent space
of the neighborhood.
Let {xi }ni=1 ∈ Rd be the data samples drawn from a ξ dimensional manifold M, and N (xi ) = xi1 , ..., xik be the
k nearest neighbors of xi . The goal
 is to find a set of n
orthonormal bases Ti = ti,1 , ..., ti,ξ ∈ Rd×ξ , i = 1, ..., n, by
solving the following optimization problem:
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k

(7)



E(ττ i j ) ≤ 3 k TTi JF (yi )(yi j − yi ) k2 + k TTi εi k2 + k TTi ei j k2

where Iξ indicates
the identity matrix of size ξ × ξ and

T
Ti Ti xi j − xi is the orthogonal projection of difference between xi j and xi in the subspace. The problem (7) can be
written in the following form:
!
k h
T

i
T
min tr ∑ xi j − xi
Iξ − Ti Ti xi j − xi
. (8)

(15)

min

∑ k xi j − xi − Ti TTi

TTi Ti =Iξ j=1

TTi Ti =Iξ


xi j − xi k2 ,

j=1

Problem (8) is transformed to:
!
k
k h
T
i
2
T
min ∑ k xi j −xi k −tr ∑ xi j − xi Ti Ti xi j − xi
,

TTi Ti =Iξ j=1

j=1

which is equivalent to the following problem:
#
"
k
T

max tr ∑ xi j − xi Ti TTi xi j − xi .
TTi Ti =Iξ

(9)

(10)

j=1



By substituting X̃i = xi1 − xi , ..., xik − xi in equation (10),
the optimization problem is transferred to the following form:
max tr(TTi X̃i X̃Ti Ti ).

TTi Ti =Iξ

(11)

If the ξ -dimensional manifold M is smooth and sampled
uniformly, such that xi ≈ x̄ = 1k ∑kj=1 xi j , equation (11) is just
the optimization problem in PCA. Then, vectors ti,1 , ..., ti,ξ will
be the eigenvectors of X̃i X̃Ti corresponding to its ξ largest
eigenvalues and the projection of xi j onto the approximated
tangent space is given by τ i j = TTi xi j − xi , j = 1, ..., ξ .
Assume that the data samples {xi }ni=1 ∈ Rd in the ddimensional ambient space S (ξ << d) are sampled from M
by using generative model xi = F(yi ) + εi , i = 1, ..., n, where
F = [F 1 ...F d ]T is a smooth isometry with F l : Rξ → R, l =
1, ..., d, xi ∈ Rd , yi ∈ Rξ , and εi indicates a random noise
vector. By using the first-order Taylor expansion of F at xi , a
neighbor xi j ∈ Xi can be represented by:
xi j = xi + JF (yi )(yi j − yi ) + εi + ei j ,
(12)

where ei j = O k yi j − yi k2 contains second or higher-order
sentences of Taylor expansion and JF (yi ) ∈ Rd×ξ is the
Jacobian matrix of F at yi , which JF (yi )T JF (yi ) = Iξ , as
proven in [33].
By considering the tangent coordinate
of xi j approximated

by local PCA, τ i j = TTi xi j − xi , and its true tangent coordinate, JF (yi )T JF (yi )(yi j −yi ) = yi j −yi , the error between them
is given by:
E(ττ i j ) = (k TTi (xi j − xi ) k − k yi j − yi k)2 ,

(13)

which gives the following inequality:
E(ττ i j ) ≤k TTi (xi j − xi ) k2 + k yi j − yi k2 .

(14)

By substituting from equation (12) and according to
Cauchy-Schwarz inequality, which will be proved in the appendix, relation (14) results in:

+ k yi j − yi k2 .

Similarly, without using tangent coordinate, the error of dis
tance based on the coordinate on the manifold, τ̃τ i j = xi j − xi ,
and its true tangent coordinate is given by:
E(τ̃τ i j ) = (k xi j − xi k − k yi j − yi k)2


≤ 3 k JF (yi )(yi j − yi ) k2 + k εi k2 + k ei j k2 + k yi j − yi k2 .
(16)
For each v ∈ Rd :
vT Ti TTi v ≤ λd vT v,

(17)

where λd denotes the largest eigenvalue of Ti TTi .
Since the non-zero eigenvalues of Ti TTi are the same as
those of TTi Ti that all of them are equal to one, and by using
k u k2 = tr(uT u) for any typical vector u, relation (17) results
in:
k TTi v k2 ≤k v k2 .

(18)

According to (15) and (18):
k TTi JF (yi )(yi j − yi ) k2 + k TTi εi k2 + k TTi ei j k2
≤k JF (yi )(yi j − yi ) k2 + k εi k2 + k ei j k2 .

(19)

Finally, it can be concluded from relations (15), (16), and
(19) that when data are mapped on the local tangent space,
compared with the case that tangent coordinates are not used,
the upper bound of E(ττ i j ) is smaller than the upper bound of
E(τ̃τ i j ). Therefore, the nearest neighbors are likely to be found
more accurately, using projection on tangent spaces.
C. Sparse matching simultaneous diagonalization of Laplacians using local tangent spaces
Assume that the data samples in modalities i and j are
located close to ξi -dimensional manifold Mi ⊂ Rdi and ξ j dimensional manifold M j ⊂ Rd j , respectively. At each point
xt ∈ Mi on modality i, we define a di × ξi matrix Tixt
indicating the tangent space at xt , that all its neighboring
points, N (xt ), would be represented by projecting on it. For
T
example τ tr = Tixt (xtr − xt ) is the projection of r-th neighbor
of xt to its tangent space. As mentioned in the subsection
II-E, local PCA is used to approximate Tixt , such that xt and
its k nearest neighbors are used to compute a local di × di
covariance matrix, and the top ξi eigenvectors of this matrix
are used as the columns of matrix Tixt .
Concluding from subsection III-A and as analyzed theoretically in subsection III-B, for two matching samples a and b
in modalities i and j, respectively, samples whose projections
on tangent space of a are among the nearest neighbors within
all its neighboring projected samples on this tangent space
are expected to have the most consistency with b. Similarly,
the projected samples on tangent space of b that are in nearest
neighbors of b among all its neighboring projected samples on
tangent space of b are expected to have the most consistency
with a.
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Now, we can simultaneously diagonalize graph Laplacian
matrices in modalities i and j by considering the limited given
information and the additional obtained extended information.
The limited given information is the initial knowledge of
problem that contains the sets of matching and mismatching
samples between modalities. These information for each two
modalities (e.g. modalities i and j) are coded in matrices Ci, j ,
C j,i , Bi, j , and B j,i as explained in the section II-B.
In order to obtain the extended matching information between modalities i and j, we define matrices C0i, j with dimensions ni × qC0 and C0j,i with dimensions n j × qC0 , respectively.
In these two matrices, qC0 = q × tc is the number of extended
matching samples and tc is the number of nearest neighbors
in the tangent space used to extend matching information.
For each matching sample l (1 ≤ l ≤ q) in modality i,
indexed by kli, j in this modality, with kli, j ∈ {1, 2, ..., ni }, the
values of tc columns of C0i, j are determined with tc nearest
neighbors on the tangent space of sample kli, j . For example, if
tc = 3, we consider the first, the second, and the third nearest
neighbors in the tangent space of the matching sample l as the
extended matching samples and thus the values of 3 columns
of C0i, j are determined. The values of the C0j,i are determined
similarly.
Also, to obtain the extended mismatching information between modalities i and j, we use the tb farthest neighbors in the
tangent space of matching samples in each modality and define
matrices B0i, j with dimensions ni ×qB0 and B0j,i with dimensions
n j × qB0 , where qB0 = q × tb . These two matrices require their
respective low-dimensional embedding B0 Ti, j Vi and B0 Tj,i V j to
be as different as possible.
Having the above mentioned limited given information
propagation idea, we can extend the problem (4) to express
the problem of simultaneous approximate diagonalization of
graph Laplacian matrices in m modalities as follows:
T
minVT Vi =I ∑m
i=1 o f f (Vi Li Vi )
i

2
2
m
T
T
0T
0T
+µc ∑m
i, j=1 k Ci, j Vi − C j,i V j kF + δ ∑i, j=1 k C i, j Vi − C j,i V j kF


2
2
m
T
T
0T
0T
−µb ∑m
i, j=1 k Bi, j Vi − B j,i V j kF + γ ∑i, j=1 k B i, j Vi − B j,i V j kF

(20)

where δ and γ are proper regularization coefficients between
zero and one that reflect the importance rate of new matching
and mismatching samples compared to original ones in the
sparse simultaneous diagonalization.
Matrices C0i, j and B0i, j used in problem (20) are computed
as follows. In modality i, for each sample xk (1 ≤ k ≤ ni ),
we construct the tangent spaces projection matrices Tixk with
dimension di × ξi , as explained in section II-E. For all samples
in modality i, these matrices are collected in tensor T i =
T
[Tix1 ...Tixn ] . By using each column l of matrix Ci (cil ), we
i
can construct columns l, l + q, l + 2q, ..., and l + (tc − 1) × q
of matrix C0i, j .
T

We use l-th column of matrix Ci, j (ci,l j = [ci,1,lj ci,2,lj ...ci,nij,l ] ),
which contains one at index kli, j and zero elsewhere, to
j
j
j
construct the tc columns c0 i,l j , c0 i,l+q
, c0 i,l+2q
, ..., and c0 i,1+(t
)×q
of C0i, j = [c0 i,1 j ...c0 i,qCj0 ].

c−1

Inspired by equation (6), we obtain equation (21) to set the
i, j
value of each entry of column c0 i,l j , denoted by c0 t,l
(1 ≤ t ≤ ni ),
and other columns mentioned above, by finding r-th nearest
neighbors (1 ≤ r ≤ tc ) of kli, j -th sample in each column l (1 ≤
l ≤ q) of Ci .
For simplicity of understanding, we temporarily suppose
that tc = 2. If the indices of two nearest neighbors on tangent
space of kli, j -th sample are s1 and s2 , respectively, then
c0 i,s1j,l = α, c0 i,s2j,l+q = α and other entries of columns l and l + q
are set to zero. In general:

i, j

c0t,(l+(r−1)q) =

2




α

t=argminkT i cl (xil −Xi cl )k




0

otherwise

T i, j

T i, j

f

1≤ f ≤k, 

S
0 i, j
f∈
/ r−1
s=1 A c l+(s−1)q

(21)

where 0 ≤ α ≤ 1, Xi is data points matrix in modality i with
dimension ni × di , xil f represents the f -th nearest neighbor

i, j
is the entry in row
of the sample coded in column l, c0 t,b
0
t and column b of Ci, j , 1 ≤ t ≤ ni and 1 ≤ b ≤ qC0 , and
A(y) represents non-zero elements yk of vector y, i.e. A(y) =
{k|yk 6= 0}. In equation (21), suppose kli, j = e (1 ≤ e ≤ ni ), then
T
T
T
T i ci,l j = Tixe , Xi ci,l j = xie , and the f -th nearest neighbor of
e-th sample is xie f . In order to find r-th nearest neighbor of
e-th sample, A(.) contains all r − 1 nearest neighbors which
have already been selected, and argmink . k2 computes the rth nearest neighbor of e-th sample. How to choose the value
of α will be discussed in the following paragraphs.
Similarly, we construct extended mismatching matrix B0i, j =
[b0 i,1 j ...b0 i,qBj0 ] by using the original matching matrix Ci . We use
equation (22) to set the value of each entry of b0 i,l j , denoted
i, j
by b0 t,l
(1 ≤ t ≤ ni ), and other related columns (as mentioned
before for extended matching matrix), by finding the p-th
farthest neighbor (1 ≤ p ≤ tb ) of kli, j -th sample in each column
l(1 ≤ l ≤ q) of matrix Ci, j .
For simplicity of understanding, we temporarily suppose
that tb = 2. If the indices of the two farthest neighbors on
tangent space of kli, j -th sample are f1 and f2 , respectively,
then b0 i,f1j,l = β , b0 i,f2j,l+q = β and other entries of columns l
and l + q are set to zero. In general:

i, j

b0t,(l+(p−1)q) =

2




β

t=argmaxkT i cl (xil −Xi cl )k




0

otherwise

T i, j

T i, j

f

1≤ f ≤k, 

S p−1
i, j
f∈
/ s=1 A b0
l+(s−1)q

(22)

Parameters α and β (0 ≤ β ≤ 1) are the impact coefficients
of additional obtained matching and mismatching information.
If α = 1 the impact of additional obtained matching information and the impact of limited given matching information are
equal. By substituting α with (1 − trc ) in equation (21), and β
with (1 − tp ) in equation (22), respectively, the impact of these
b
two parameters can be reduced monotonically, concerning the
distance from original samples.
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Fig. 3: Graphical illustration of how the knowledge of the matching samples is expanded. Red dashed lines and blue dotted
lines show distances on the manifold and tangent space, respectively. Sample with index kli, j in modality i is matching with
sample with index klj,i in modality j. By assuming tc = 2, if s1 and s2 are the indices of the two nearest neighbors on the
tangent space of kli, j -th sample, then these samples are matched with sample with index klj,i in modality j. Also, by assuming
tb = 2, if f1 and f2 are the indices of the two farthest neighbors on the tangent space of kli, j -th sample, then, these samples
are mismatched with sample with index klj,i in modality j. In the bottom, the procedure of assigning the entry of matrices C0i, j
and B0 i, j is illustrated according to equations (21) and (22), respectively. In order to define new matching samples in matrix
C0i, j , in l-th column, entry in s1 -th row is set to α (c0 i,s1j,l = α), and other rows in this column are set to zero. Also, in (l + q)-th
column of C0 i, j , entry in s2 -th row is set to α (c0 i,s j,(l+q) = α), and other rows in this column are set to zero. Each column of
2
the matching and mismatching matrices generates tc = 2 and tb = 2 shown columns of the extended matching and mismatching
matrices, respectively. Defining extended mismatching samples in matrix B0 i, j is performed similarly.
Fig. 3 shows a graphical illustration of using equations
(21) and (22) to expand the knowledge stemming from the
matching samples.
Solving problem (20) simultaneously finds all ni approximate eigenvectors of the Laplacians, while in many problems
we need only their first k eigenvectors. Therefore, we solve the
problem with a smaller matrix Vi = [vi,1 ...vi,k ] of size ni × k.
To find this subset of columns of eigenvectors Vi that approximately diagonalize Li , we use the approach of [34], and
reformulate the problem to (23), where Λi = diag(λi,1 , ..., λi,k )
contains the k smallest eigenvalues of Li , and Vi contains the
approximate corresponding eigenvectors.
T

2

We can approximate the first k vectors of the joint common
eigenbase combining the first k0 ≥ k eigenvectors of Li ,
denoted Ui = [ui,1 ...ui,k0 ]. By this approximation, Vi = Ui Ai ,
where Ai is k0 × k matrix of linear combination coefficients
and ATi Ai = I. By substitution of the approximated eigenbase
Ui in problem (23), we have:
2

T
minAT Ai =I ∑m
i=1 k Ai Λi Ai − Λi kF
i



2
2
m
T
T
0T
0T
+µc ∑m
i, j=1 k Ci, j Ui Ai − C j,i U j A j kF + δ ∑i, j=1 k C i, j Ui Ai − C j,i U j A j kF


2
2
m
T
T
0T
0T
−µb ∑m
i, j=1 k Bi, j Ui Ai − B j,i U j A j kF + γ ∑i, j=1 k B i, j Ui Ai − B j,i U j A j kF

(24)

minVT V =I ∑m
i=1 k Vi Li Vi − Λi kF
i

i



2
2
m
T
T
0T
0T
+µc ∑m
i, j=1 k Ci, j Vi − C j,i V j kF + δ ∑i, j=1 k C i, j Vi − C j,i V j kF


2
2
m
T
T
0T
0T
−µb ∑m
i, j=1 k Bi, j Vi − B j,i V j kF + γ ∑i, j=1 k B i, j Vi, j − B j,i V j kF

(23)

The number of variables in the above problem is ∑m
i=1 ni k.
That is one of the drawbacks of this framework if dealing with
very large datasets. To overcome this problem, we follow the
subspace parametrization method proposed in [24]. It has been
proven that the joint approximate eigenbasis can be written as
the combination of the first k eigenvectors of Laplacian matrix
[29].

where Λi = diag(λi,1 ...λi,k0 ) is the diagonal matrix that contains the first k0 eigenvectors of Li . The number of variables
in this formulation is m × k0 × k that is independent of ni .
Optimization: Problem (24) is a constrained optimization
problem. In order to calculate the solution of this problem,
we apply the standard constrained optimization tools such
as fmincon in MATLAB used in [24]. The gradients of the
objective function and the constraints given by the following
equations are required for the optimization:
2

OAi k ATi Λi Ai − Λi kF = 4(Λi Ai ATi Λi Ai − Λi Ai Λi )

(25)
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A. Description of the datasets
OAi k

CTi, j Ui Ai − CTj,i U j A j

2
kF

C0 Ti, j Ui Ai − C0 Tj,i U j A j

2

+ O Ai k
kF =
T
T
2Ui Ci, j (CTi, j Ui Ai − CTj,i U j A j ) + 2Ui C0 i, j (C0 Ti, j Ui Ai − C0 Tj,i U j A j )

(26)
2

2

OAi k BTi, j Ui Ai − BTj,i U j A j kF + OAi k B0 Ti, j Ui Ai − B0 Tj,i U j A j kF =
T

T

2Ui Bi, j (BTi, j Ui Ai − BTj,i U j A j ) + 2Ui B0 i, j (B0 Ti, j Ui Ai − B0 Tj,i U j A j )
(27)

Complexity analysis: As discussed in section II-B, by using
q and u matching and mismatching samples, respectively, the
computational cost contains the computing of q × k0 matching
Fourier coefficients matrices and u × k0 mismatching Fourier
coefficients matrices between two modalities i and j. After
extending the limited information and obtaining tc and tb additional matching and mismatching samples, the computational
cost for each extended matching and mismatching samples are
tc × k0 and tb × k0 , respectively.
As a result, by assuming that the number of modalities
m is small enough, since tc > q and tb > u, computing
the cost function and its gradient in each iteration of the
optimization algorithm in both LSEJD (matching), and LSEJD
(matching+mismatching), have a complexity of O(tc k0 k) and
O((tc + tb )k0 k), respectively.
Summary: The proposed procedure for approximating the
common eigenbasis is summarized into the following main
steps:
1) Compute the graph Laplacian matrix Li , 1 ≤ i ≤ m, in
each modality.
2) Compute the tensor T i , 1 ≤ i ≤ m, which contains tangent space projection matrix for all samples in each
modality.
3) Compute matching matrix C0 i, j , 1 ≤ i, j ≤ m, between
every two modalities i and j according to (21).
4) Compute mismatching matrix B0 i, j , 1 ≤ i, j ≤ m, between
every two modalities i and j according to (22).
5) Compute the gradients of the objective function and
constraints according to (25), (26), and (27).
6) Compute the approximated eigenbases Vi = Ui Ai , 1 ≤
i ≤ m, by solving (24), given the gradients of step (5).
IV. E XPERIMENTAL RESULTS
In this section, we investigate the effectiveness and efficiency of our proposed LSEJD method in unsupervised
and semi-supervised learning problems. We compare its performances with different state-of-the-art related multimodal
learning methods. In the first subsection, we give a brief
description of the datasets used for the validation of our
proposed methods.
In the next subsections, we adopt two evaluation problems:
multimodal unsupervised learning, and multimodal semisupervised learning.
Since most recent related works on unsupervised learning
are conducted on multi-view datasets, we compare our method
with the latest work in multi-view clustering as a special kind
of multimodal clustering.

We consider two categories: multimodal and multi-view
datasets, respectively.
Multimodal datasets:
• Circle and Text datasets are two synthetic datasets with
overlapping clusters. Each modality is corrupted with
some noise and clusters which are close in one modality
are far apart in the other one [24].
• NUS dataset is a web image dataset which includes images and their tags [35]. In our multimodal experiments,
two defined modalities based on NUS are used [24].
• Caltech dataset is a subset of the Caltech-101 dataset
[36]. This dataset considers seven classes that contain two
modalities. The first modality has images represented by
bio-inspired features and their annotations in the 4 × 4
pyramid histogram of visual words (PHOW) constitute
the second modality as mentioned in [24].
Multi-view datasets:
• Caltech-101 dataset in multi-view experiments is divided
into two categories, Caltech-101-7, and Caltech-101-20.
In Caltech-101-7, we select the seven widely used classes
as in the multimodal experiments and get 1474 images.
In Caltech-101-20, we select a larger set, which contains
a total of 2386 images of 20 classes. Six types of features
are extracted from all the images as mentioned in [37].
• Handwritten dataset consists of 2000 images of handwritten digits 0 to 9 with 200 samples in each category.
We use 6 sets of features in multi-view experiments.
These features are extracted from all the images and
contain 240 pixel averages in 2 × 3 windows (PIX), 76
Fourier coefficients of the character shapes (FOU), 216
profile correlations (FAC), 64 Karhunen-love coefficients
(KAR), 47 Zernike moment (ZER) and 6 morphological
(MOR) features [37].
B. Multimodal unsupervised learning
We evaluate our approach to the application of unsupervised
learning via multimodal spectral clustering and compare the
performance of this method with state-of-the-art multimodal
unsupervised representation learning. In the unimodal spectral
clustering method, the multiplicity of null eigenvalues of
the Laplacian matrix is equal to the number of connected
components in the data. The eigenvectors of the Laplacian
matrix represent the indicator functions of these components.
Then, K-means is used as a simple clustering method to
perform clustering on each component. For all multimodal
datasets, Gaussian weights with self-tuning widths are used
to construct a graph whose Laplacian matrix is obtained for
each modality [39].
We apply our approach to approximate a common eigenbasis for the Laplacian matrices of each dataset and apply
spectral clustering using this approximate common eigenbasis
for data clustering.
The micro-averaged accuracy (Accuracy) and the normalized mutual information (NMI), used in [24], are two standard
criteria to evaluate the performance of model in multimodal
unsupervised learning.
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There are two versions of our proposed model:
1) m-LSEJD, which only contains matching matrix, with
µc = 1, and µb = 0,
2) m2 -LSEJD, which contains matching and mismatching
matrices, with µc = 1, and µb = 1.
Parameters δ and γ are the coefficient of new matching and
mismatching samples, respectively. All of these parameters
are set to 0.9 (i.e. impact coefficients of new matching and
mismatching samples are 90% of the original matching and
mismatching samples). Also, parameters α and β are set to 1.
In each experiment, a fraction of the samples in one modality is first randomly selected, and their matching samples in the
other modalities are determined, in order to extend this sparse
matching sampling. In each experiment, for a fair comparison,
the average of ten runs is reported as the result.
Tables II and III show the performances of our proposed
LSEJD approache regarding the different multimodal and
multi-view clustering methods, respectively. In both tables, the
best result is shown in bold.

As we can see from Table II in real-world datasets (Caltech
and NUS), our proposed LSEJD approach performs better
than full matching methods, especially the JADE method [28],
because it tries to approximate a common set of eigenvectors
for all Laplacian matrices while these two datasets have
different number of samples and, unlike synthetic datasets, the
explicit correspondence between the samples are not specified.
Also, in comparison with other sparse matching methods,
it performs better in most of the fractions of samples than
CD sparse method [24], because it discovers matching and
mismatching samples well and uses them to approximate the
common eigenbasis. Laplacian averaging unimodal approaches
(Harmonic Mean and Arithmetic Mean) [24], and non-spectral
multimodal approaches (Comraf [39], MVSC [38], MultiNMF
[36], and SC-ML [40]) have low performances on the two
synthetic datasets (Circle and Text) due to the characteristics
of those datasets. As we can see, multimodal clustering
approaches provide better performances for those datasets, and
among them, JADE [28] method has the best results because

TABLE II: Performances of different multimodal clustering methods (Accuracy(%)/NMI(%))
Method

Circle
Harmonic Mean
95.6/90.1
Arithmetic Mean
96.5/91.2
Comraf [39]
40.8/16.9
MVSC [38]
95.6/90.1
MultiNMF [36]
41.1/14.2
SC-ML [40]
98.2/94.6
JADE [23]
100/100
10%*
52.5/26.0
20%
61.3/40.2
CD (pos) [24]
60%
93.7/85.4
100%
98.9/95.5
10%
67.3/46.5
CD (pos+neg) [24]
20%
69.6/50.2
60%
95.2/87.9
10%
67.7/47.7
20%
72.6/67.9
m-LSEJD
60%
78.8/67.5
100%
81.5/70.4
10%
79.8/64.5
20%
92.9/84.5
m2 -LSEJD
60%
97.2/91.2
* the percentage of samples randomly selected

Multimodal datasets
Text
Caltech [23],[38]
NUS [23],[35]
97.2/91.0
84.8/79.2
89.0/83.8
96.9/89.6
88.6/83.1
95.2/92.1
60.8/41.7
–
86.9/84.3
97.2/91.2
85.7/80.8
89.0/83.8
50.5/23.2
–
77.4/79.3
97.8/93.1
88.6/81.6
94.5/90.7
98.4/94.1
86.7/80.6
93.1/87.5
54.5/26.2
78.7/75.3
78.6/77.9
60.0/41.9
80.8/76.0
82.9/78.2
86.5/69.7
87.0/80.0
87.2/78.9
96.8/89.4
89.5/83.3
94.5/90.6
63.6/42.1
86.5/80.9
92.7/86.2
67.8/50.0
87.9/81.2
93.3/87.0
87.0/68.5
89.2/84.0
94.5/88.5
74.2/55.2
81.3/75.7
82.0/75.6
77.0/61.3
83.5/79.0
80.6/74.6
82.8/66.3
84.5/79.5
91.0/87.7
82.9/65.3
90.5/85.2
96.6/93.1
79.4/54.2
85.7/77.0
86.3/83.2
85.9/65.9
88.6/81.7
87.0/82.7
88.9/72.0
92.2/92.8
93.7/90.7
for matching and/or mismatching in each modality

TABLE III: Performances of different multi-view clustering methods (Accuracy(%)/NMI(%))
Method
MVSC [37]
AMGC [41]
MLAN [41]
SwMC [42]
MSC [43]
CSMSC [44]
DwMPC [45]
SwMPC [45]
SCMV-3DT [46]
SGLRL [7]
CD (pos) [24]
CD (pos+neg) [24]
m-LSEJD
m2 -LSEJD

Caltech101-7 [37]
53.4/52.9
66.0/56.1
78.0/63.0
64.8/55.9
65.7/43.5
63.6/54.7
69.4/63.3
64.8/54.5
62.4/60.3
80.1/85.3
71.4/61/4
79.8/64.1
76.7/70.1
81.7/72.7

Multi-view datasets
Caltech101-20 [37]
51.9/53.8
52.4/54.4
53.3/47.6
41.9/30.8
51.0/33.0
44.0/56.4
50.2/62.2
57.3/68.3
48.0/35.9
49.6/37.3
54.5/36.2
56.3/39.7

Handwritten [37]
81.0/83.4
87.5/87.5
97.3/93.9
84.5/89.4
58.7/45.0
90.9/84.1
97.0/93.4
88.1/91.2
93.0/86.0
95.7/91.6
97.3/94.0
97.7/94.4
96.8/92.4
97.8/94.9
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it is a full-matching approach and those datasets have fullmatching modalities (unlike real-world datasets).
For the multi-view datasets, unlike the multimodal datasets,
the numbers of samples in all modalities are equal. They have
full matching samples. In order to demonstrate the efficiency
of our proposed approach to expanding the knowledge of
the matching samples, we use 60% of the existing limited
information about matching samples in multi-view clustering and compare this with the state-of-the-art method. The
results are reported in Table III. We can see that although
several competing multimodal and multi-view spectral clustering methods (containing CD, SwMPC, DwMPC, SwMPC,
MSC, and MLAN algorithms) achieve good performances in
some experiments, our proposed LSEJD approach is able to
achieve better results than most of them. This is especially
remarkable since it is using much less samples. Our proposed
approach can be compared to neural networks-based methods,
e.g. SGLRL [7]. These methods often lead to very good
performances in largescale datasets. However, with moderatesized datasets, our proposed LSEJD method provides better
results with less complexity.
In this experiment, our LSEJD method uses the first nearest/farthest samples in the tangent space of each matching
sample pair, respectively. We also evaluate the effect of

other nearest and farthest samples in the tangent space of
each matching sample pairs. The results of these experiments
are summarized in Table IV. The results confirm that the
nearest and farthest projected samples on the tangent space
are the most meaningful ones for correspondence and noncorrespondence propagation, respectively.
We observe that in all the experiments, using the first nearest
and farthest samples in the tangent space provides the best
performance for multimodal clustering. These results show
the positive impact of using the intrinsic local tangent spaces
of underlying data manifolds in order to discover the local
geometrical structures of matching and mismatching samples
and prove that the first nearest sample in the tangent space of
each sample is indeed its most similar one.
Also, in this experiment, our LSEJD approach uses only one
nearest/farthest sample in the tangent space of each matching
sample pair. The effect of using more than one nearest sample
or one farthest sample in the tangent space of matching sample
pairs are shown in Table V. The results show that with each
fraction of data on most of the datasets, using more than
one nearest/farthest sample in the tangent space improves the
accuracy of spectral clustering, although this improvement is
not monotonic.
Although using more samples in the tangent space of each

TABLE IV: Effect of using only k-th nearest and farthest samples (k = 1, 2, 3, 4, 5), for correspondence and non-correspondence
propagation (Accuracy(%)/NMI(%))

Circle

Text

Caltech

NUS

10%
20%
60%
100%
10%
20%
60%
100%
10%
20%
60%
100%
10%
20%
60%
100%

1
67.7/47.7
72.6/67.9
78.8/67.5
81.5/70.4
74.2/55.2
77.0/61.3
82.8/66.3
82.9/65.3
81.3/75.7
83.5/79.0
84.5/79.5
90.5/85.2
82.0/75.6
80.6/74.6
91.0/87.7
96.6/93.1

2
60.5/40.6
66.1/47.0
77.6/64.4
81.5/70.4
63.2/42.3
63.8/43.8
82.1/65.0
82.9/65.3
79.7/72.0
79.7/73.8
79.7/74.8
90.5/85.2
81.3/75.5
72.6/65.4
89.9/84.8
96.6/93.1

m-LSEJD
3
57.3/36.8
64.2/44.5
78.4/65.2
81.5/70.4
55.6/31.2
67.0/48.5
82.2/65.2
82.9/65.3
80.3/73.6
79.0/73.5
81.0/77.7
90.5/85.2
78.9/73.8
75.3/68.1
89.7/84.0
96.6/93.1

4
57.1/34.7
63.7/44.3
78.3/65.6
81.5/70.4
60.6/39.3
66.3/48.2
82.2/65.4
82.9/65.3
80.6/74.9
80.0/75.2
79.7/74.6
90.5/85.2
80.6/75.2
74.4/66.8
89.0/83.7
95.9/91.7

5
58.7/37.0
63.4/45.1
77.2/64.6
81.5/70.4
55.0/33.1
65.9/48.1
82.2/65.2
82.9/65.3
77.1/71.6
76.8/69.8
81.0/77.9
90.5/85.2
80.9/77.0
76.4/69.4
88.5/83.4
96.6/93.1

1
79.8/64.5
92.9/84.5
97.2/91.2

2
62.3/41.0
69.4/49.0
95.3/86.8

m2 -LSEJD
3
60.9/39.4
66.7/46.1
95.9/88.2

4
58.0/35.7
66.0/45.2
95.1/86.2

5
57.6/37.3
66.4/45.5
95.2/86.6

79.4/54.2
85.9/65.9
88.9/72.0

49.3/26.4
70.7/43.1
88.5/71.9

64.9/45.9
77.3/51.6
88.1/70.3

61.8/36.1
78.2/55.4
88.1/70.9

63.9/42.9
71.5/46.0
88.1/70.9

85.7/77.0
88.6/81.7
92.2/92.8

82.4/74.7
88.6/81.2
90.0/84.2

78.4/71.7
87.1/80.3
87.1/79.1

77.1/71.2
76.7/70.0
87.1/80.5

78.1/73.6
76.7/71.5
88.6/82.1

86.3/83.2
87.0/82.7
89.7/83.2

85.3/80.0
84.4/79.2
84.3/78.3

84.6/79.5
84.0/77.5
85.1/78.5

83.0/78.4
84.8/78.7
86.1/79.2

83.2/78.0
84.6/78.6
83.4/77.5

TABLE V: Effect of using a different numbers of nearest and farthest samples (k) for correspondence and non-correspondence
propagation, respectively (Accuracy(%)/NMI(%)) (k = 1, 2, 3, 4, 5)

Circle

Text

Caltech

NUS

10%
20%
60%
10%
20%
60%
10%
20%
60%
10%
20%
60%

1
67.7/47.7
72.6/67.9
78.8/67.5
74.2/55.2
77.0/61.3
82.8/66.3
81.3/75.7
83.5/79.0
84.5/79.5
82.0/75.6
80.6/74.6
91.0/87.7

2
67.2/47.8
75.2/62.8
80.8/70.7
79.3/58.5
82.4/63.8
82.5/64.6
83.8/78.3
82.5/77.6
92.1/86.7
76.6/69.4
85.5/81.4
93.8/89.7

m-LSEJD
3
72.6/55.9
75.8/63.4
81.1/71.5
79.2/61.5
81.7/64.0
82.4/64.4
81.3/75.2
84.1/79.3
91.4/87.0
79.3/71.2
88.6/83.7
93.6/90.6

4
72.2/57.2
78.2/66.5
82.3/69.3
80.0/61.7
82.2/63.6
82.4/64.4
81.9/78.3
88.6/83.5
94.0/91.4
81.9/75.9
87.1/82.9
95.0/90.8

5
73.7/58.9
80.1/68.2
84.2/70.6
81.3/63.2
81.9/63.4
82.3/64.4
90.2/84.0
90.2/83.8
94.3/91.6
84.4/79.5
91.0/86.5
95.0/91.6

1
79.8/64.5
92.9/84.5
97.2/91.2
79.4/54.2
85.9/65.9
88.9/72.0
85.7/77.0
88.6/81.7
92.2/92.8
86.3/83.2
87.0/82.7
89.7/83.2

2
74.8/53.8
95.0/85.5
97.3/91.5
83.9/62.8
87.1/69.2
89.6/74.1
84.3/75.0
89.5/82.7
91.4/86.6
86.1/81.0
85.8/79.8
91.3/87.9

m2 -LSEJD
3
4
82.2/65.5
92.9/80.8
96.2/88.5
96.8/90.4
97.3/91.7
97.0/91.1
85.0/64.4
86.6/68.8
87.5/70.5
89.0/73.0
90.1/75.4
89.1/74.3
84.8/78.3
85.7/78.6
89.5/83.8
93.8/90.3
97.1/95.7
100.0/100.0
85.2/78.7
85.4/79.8
86.7/81.7
88.1/82.7
90.5/86.3
90.8/84.5

5
94.8/85.0
97.0/91.0
97.1/91.3
88.0/71.2
89.1/73.8
89.1/74.1
89.5/82.1
90.0/84.5
100.0/100.0
86.4/81.3
88.9/82.8
91.5/85.8
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matching sample pair provides more accurate results, due to
the use of matching and mismatching matrices with larger
dimensions, it has a higher computational complexity.
To further study the effect of considering far samples from
a given point, we relax the constraint by replacing the farthest
samples with a set of far enough ones. In this experiment,
the first k1 ∈ {1, ..., 10} farthest neighbors are selected. Then,
in each group of selected samples, the effect of random
selection of k2 ∈ {1, ..., 5} samples among them is evaluated.
Fig. 4 shows the results of this experiment in the Caltech
and NUS datasets. It can be seen that by relaxing the range
of selecting the farthest neighbors between 1 and 10, the
efficiency gradually decreases.
In order to demonstrate the advantage of using the intrinsic
tangent spaces of the manifold to locally extend the correspondence information of matching samples, we compare
this with a simpler idea of using the Euclidean distance
on the nearest neighbor graph of the data to find the best
matching/mismatching samples. The results of this experiment,
summarized in Tables VI and VII, show that in all datasets,

Accuracy

12

𝑘1

𝑘2

𝑘1

𝑘2

Fig. 4: Performance variation by considering a relaxed constraint among far samples with respect to k1 (number of
selected farthest neighbors), and k2 (number of samples randomly selected among k1 samples) on two datasets Caltech
(left) and NUS (right).

using nearest neighbors on the intrinsic tangent spaces of the
manifold is more effective.
Fig. 5 shows the results of using the two above approaches
to find the best matching/mismatching samples on several

TABLE VI: Comparison of the effect of two approaches in m-LSEJD method: first nearest neighbor on the local tangent
space of the manifold and k nearest neighbors based on the Euclidean distance on the nearest neighbor graph of the data
(k = 1, 2, 3, 4, 5) (Accuracy(%)/NMI(%))
m-LSEJD
10%
20%
60%
100%
10%
20%
60%
100%
10%
20%
60%
100%
10%
20%
60%
100%

Circle

Text

Caltech

NUS

First nearest neighbor on
the local tangent space
67.7/47.7
72.6/67.9
78.8/67.5
81.5/70.4
74.2/55.2
77.0/61.3
82.8/66.3
82.9/65.3
81.3/75.7
83.5/79.0
84.5/79.5
90.5/85.2
82.0/75.6
80.6/74.6
91.0/87.7
96.6/93.1

k nearest neighbors based on Euclidean distance
on the nearest neighbor graph of the manifold
1
2
3
4
5
63.0/45.8
62.3/45.8
63.4/46.3
62.5/45.9
65.5/48.8
67.0/52.0
68.2/51.9
67.4/51.3
69.8/53.7
69.2/54.7
77.0/64.5
77.7/65.0
77.6/64.9
78.2/66.4
77.0/63.6
78.0/65.9
77.3/65.6
78.4/66.2
78.1/65.6
78.0/65.4
65.4/43.4
64.8/43.9
64.3/41.2
67.3/44.0
64.8/43.1
66.9/45.8
69.9/47.6
66.7/47.3
67.2/47.9
69.4/49.7
67.2/48.6
67.7/49.0
66.2/47.6
66.3/49.3
64.7/49.2
62.5/55.3
62.5/55.6
62.5/55.6
62.5/55.3
62.5/55.3
79.1/73.9
79.8/73.6
79.8/73.3
77.2/71.3
79.9/72.8
79.0/73.3
79.9/74.2
79.8/73.4
78.9/72.8
81.6/75.4
82.6/76.4
83.3/77.0
83.3/77.0
84.1/77.3
83.6/76.9
87.6/80.0
88.6/82.9
88.6/82.9
83.8/76.2
88.6/82.9
81.3/75.5
79.4/74.3
78.0/73.0
77.2/72.5
77.1/73.2
81.8/75.2
80.2/73.0
80.5/74.2
80.8/74.5
79.2/72.9
84.7/81.2
88.5/83.1
85.9/80.9
86.8/82.7
87.2/82.8
90.3/84.8
89.7/83.3
90.3/84.2
89.7/83.3
91.7/85.4

TABLE VII: Comparison of the effect of the two approaches in m2 -LSEJD method: first nearest neighbor on the local tangent
space of the manifold and k nearest/farthest neighbors based on the Euclidean distance on nearest neighbor graph of the data
(k = 1, 2, 3, 4, 5), respectively (Accuracy(%)/NMI(%))
m2 -LSEJD
Circle

Text

Caltech

NUS

10%
20%
60%
10%
20%
60%
10%
20%
60%
10%
20%
60%

First nearest/farthest neighbor on
the local tangent space
79.8/64.5
92.9/84.5
97.2/91.2
79.4/54.2
85.9/65.9
88.9/72.0
85.7/77.0
88.6/81.7
92.2/92.8
86.3/83.2
87.0/82.7
93.7/90.7

k nearest neighbors based on Euclidean distance
on the nearest neighbor graph of the manifold
1
2
3
4
5
78.9/66.9
68.5/59.1
78.0/63.6
77.9/63.5
78.9/61.0
89.9/73.3
78.6/54.2
74.8/56.3
70.5/59.1
78.8/67.0
76.6/57.1
78.5/63.3
73.5/57.2
79.1/66.8
88.2/70.2
68.8/53.2
76.2/65.8
73.6/61.6
72.3/58.2
70.3/55.7
83.8/73.5
69.9/54.4
73.3/57.2
73.1/62.8
74.7/70.7
73.0/60.9
75.8/64.3
72.7/60.3
72.9/66.1
72.7/60.0
84.8/76.1
82.9/75.7
82.9/73.4
77.1/73.1
80.0/71.2
88.6/81.3
75.2/63.9
87.6/80.2
77.1/71.7
83.8/72.8
69.5/67.1
72.4/69.7
77.1/66.2
89.5/84.4
81.9/71.6
81.3/76.6
79.5/76.0
81.4/76.7
81.7/76.2
9.6/73.8
84.7/78.5
82.7/76.3
84.2/77.5
84.8/78.0
81.2/75.0
88.8/84.6
89.1/84.8
90.0/85.8
90.3/86.4
88.7/84.0
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modality
1

2

1

'red'
'macro'
'flower'
'flowers'
'holiday'
'rose'

2

'animal'
'animals'
'wow'
'cat'
'zoo'
'washington'
'cats'
'tiger'

3

'water'
'california'
'ocean'
'pacific'

4

'water'
'france'
'mountain'
'wood'
'waterfall'
'long'
'exposure'
'kit'

1

the best matching samples
2
3
4

5

1

the best mismatching samples
2
3
4

5

Fig. 5: Comparison of the two approaches to find the best matching/mismatching samples on 4 images of the NUS dataset.
In the first column, the shown image samples in modality 1 are matching ones with the shown samples in modality 2,
(each image in modality 1 is matching with its tags represented by 1000-dimensional bag of words in modality 2). The
best matching/mismatching samples of each 4 images are found in modality 1. The first row of each example shows the
best matching/mismatching samples found using the local tangent space of the manifold and the second row shows the best
matching/mismatching samples found using the Euclidean distance on the nearest neighbor graph of data. It can be seen
that the best matching/mismatching samples of modality 1 found using the local tangent space of the manifold are the most
similar/different samples with this counterpart sample in modality 2.
samples of the NUS dataset. For each of 4 sample images, the
first row shows the best matching/mismatching samples found
using the local tangent space of manifold and the second row
shows the best matching/mismatching samples found using
the Euclidean distance on the nearest neighbor graph of data.
Since the first nearest/farthest neighbor on local tangent space
of manifold of each sample is its most similar/different sample,
one can easily see that the nearest/farthest neighbors of each
sample expand well the local information of matching samples
to their neighbors. According to this figure, the first nearest
neighbor on local tangent space of each sample in modality 1
is matched with its corresponding samples in modality 2, and
the first farthest neighbor of local tangent space of each sample
in modality 1 is mismatched with its corresponding samples
in modality 2. For the first sample in this figure (the flower),
image 1 in the best matching samples found using local
tangent space manifold in modality 1 is matched correctly
with tags ’red’, ’macro’, ’flower’, ’flowers’, ’holiday’, ’rose’
in modality 2, and image 1 in the best mismatching samples
found using local tangent space is mismatched correctly with

these tags. It is evident that this is not the case for best matching/mismatching samples found using Euclidean distance on
the nearest neighbor graph of data. We can also see from
this figure that the first matching/mismatching sample found
using local tangent space are the most meaningful one for
correspondence/non-correspondence propagation, respectively,
as shown in Tables VI and VII.
C. Multimodal semi-supervised learning
For more experiments, we use our proposed approach in a
semi-supervised learning framework and evaluate it in classification tasks. We use the diffusion distance computed using the
approximate common eigenvectors. We compute the diffusion
distance by using the first t approximate common eigenvectors
of the Laplacians, which are the columns of matrices Vi0 s in
problem (20) as follows:
d 2 (xa , xb ) =

t

∑ K(Λi,l )

2
vi,l (a) − vi,l (b)

l=1

=k

(28)

Ψ(xa ) − Ψ(xb ) k22
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TABLE VIII: Classification results (Mean Accuracy (%)±
Standard Deviation)
Method
unimodal1
unimodal2
JADE [23]
CD (pos) [24]

CD (pos+neg) [24]

m-LSEJD

m2 -LSEJD

10%
20%
60%
100%
10%
20%
60%
10%
20%
60%
100%
10%
20%
60%

Multimodal datasets
Caltech
NUS
[23],[38]
[23],[35]
77.3±0.6 81.5±0.5
82.1±0.3 70.0±0.5
86.7±0.2 89.8±0.3
76.9±1.1 81.8±0.8
76.8±0.7 81.4±0.5
78.4±0.5 81.9±0.1
80.1±0.1 82.2±0.5
73.4±0.8 80.3±0.4
73.7±0.3 78.9±0.1
83.3±0.8 86.1±0.2
84.1±1.4 83.2±1.3
82.2±2.4 87.1±1.5
82.7±1.1 90.2±0.6
89.5±0.2 90.9±0.3
88.5±1.6 87.2±1.1
89.1±0.4 89.6±0.4
90.3±0.5 91.6±0.1

where λi,l is the l-th eigenvalue and vi,l (a) is the a-th entry in
l-th approximate eigenvector of Laplacian in modality i, K(λ )
is the diffusion kernel which is selected as e−5λ , and Ψ(x)
is the embedding of data point x obtained by diffusion map
(t = 100 is selected in equation (28) for our experiments).
After calculating the diffusion distances, we apply a k NN
classifier based on the diffusion distance through a 10-fold
cross-validation process. The standard criterion used to measure the classification performances is the averaged accuracy
of 10 runs, for each dataset.
In this experiment, the effect of expanding the limited
information about matching samples is reported in Table VIII.
As can be seen, with the small number of labeled samples,
the proposed LSEJD approaches significantly improve classification performances compared with each modality on its own
(unimodal 1 and unimodal 2) and perform better than other
methods that use only limited information about matching
samples [24], and the method that uses joint eigenspace
(JADE) [28].
V. C ONCLUSION AND D ISCUSSION
Finding a common eigenbasis of multiple Laplacians of
acquired data or sensed signals in multiple modalities can be
a suitable method for multimodal manifold learning problems.
However, in most of the real-world applications, due to intermodel differences, the Laplacians of all modalities are not
jointly diagonalizable. In this paper, we proposed an innovative
approach for multimodal manifold learning, which tries to find
approximate common eigenbasis of Laplacian matrices of all
modalities using local tangent spaces of the intrinsic manifold.
We performed three experiments to evaluate our approach
with synthetic and real-world problems. Comparison of the
obtained results with several state-of-the-art multimodal and
multi-view learning approaches demonstrated the advantages
and effectiveness of our approach in unsupervised ,and semisupervised scenarios. These results prove the advantage of
using intrinsic local tangent space of underlying signal or

data manifolds on matching samples to discover the local
geometrical structures in each modality.
In this paper, the intrinsic dimension of data in each
modality is supposed to be known in advance. Although so
far several methods are designed to automatically estimate
the intrinsic dimension of data [47], designing the multimodal
manifold learning methods that simultaneously estimate the
intrinsic dimension of data in each modality needs further
consideration, which can be considered as a future work.
A PPENDIX
According to Cauchy–Schwarz inequality, for any two vectors u ∈ Rη and v ∈ Rη , we have hu, vi ≤k u kk v k, and thus:
(u1 v1 + ... + uη vη )2 ≤ u21 + ... + u2η




v21 + ... + v2η .

(29)

where ui indicates the i-th element of vector u.
If u = o1 , where o1 ∈ Rη is a vector of ones with dimension
η, relation (29) can be written as follows:

(v1 + ... + vη )2 ≤ η v21 + ... + v2η .

(30)

For η vectors {wi }ηi=1 , where wi ∈ Rρ and k · k2 indicates
L2 norm:
η

k ∑ wi k2 = (w1,1 + ... + wη,1 )2 + ... + w1,ρ + ... + wη,ρ

2

.

i=1

(31)
where wi, j indicates the j-th element of vector wi .
According to (30), equation (31) entails the following
inequality:
η



k ∑ wi k2 ≤ η w21,1 + ... + w2η,1 + ... + η w21,ρ + ... + w2η,ρ .
i=1

(32)
By changing the order of the right components in (32):

η




k ∑ wi k2 ≤ η w21,1 + ... + w21,ρ + ... + η w2η,1 + ... + w2η,ρ ,
i=1

which is equivalent to the following inequality:
η

η

i=1

i=1

k ∑ wi k2 ≤ η ∑ k wi k2 .

(33)

(34)
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