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Abstract—In this letter, an eigenvalue-based empirical method
is proposed in order to estimate the number of endmembers in
hyperspectral data. This method is based on the distribution of
the differences of the eigenvalues from the correlation and the
covariance matrices, respectively. The eigenvalues corresponding
to the noise are identical in the covariance and the correlation
matrices, while the eigenvalues corresponding to the signal (the
endmembers) are larger in the correlation matrix than in the
covariance matrix. The proposed method is totally parameter free
and very fast. It is validated by experiments carried on both
synthetic and real data sets.
Index Terms—Imaging, spectral analysis.

I. I NTRODUCTION

V

ISIBLE and near-infrared imaging spectroscopy, also
called hyperspectral imagery, is a key tool for Earth
remote sensing and planetology [1]. As solar light is partially
transmitted, reflected, and diffused back by interaction with
different constituents of the atmosphere and the surface, the
analysis of reflectance spectra may allow the identification and
quantification of the chemical species. For this purpose, we
consider that each measured hyperspectral spectrum is a linear
mixture of the spectra of different chemical species (thereafter
called endmembers) [2]. Based on this linear mixture model,
methods such as the Bayesian positive source separation [3],
vertex component analysis (VCA) [4], n-Finder [5], minimumvolume enclosing simplex [6], simplex identification via split
augmented Lagrangian [7], minimum-volume constrained nonnegative matrix factorization [8], and region-based method [9]
are developed in order to extract the endmembers and estimate
the corresponding abundances. This operation is called unmixing. The number of endmembers is usually a crucial parameter.
If the estimated number is too small, the spectra of the extracted
endmembers could be still mixtures of several chemical species.
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While if it is too large, the extracted endmembers could be
strongly affected by noise.
In order to estimate the number of endmembers, principalcomponent-analysis-based thresholding is a standard method
[3]. However, the cutoff threshold should be manually chosen,
which is very difficult to determine since the eigenvalues corresponding to signals and noise are sometimes very similar.
This problem is related to the estimation of the number of
sources in mixed signals. However, the classical methods for
this purpose, such as minimum description length (MDL) [10]
and Akaike information criterion (AIC) [11], cannot well estimate the number of endmembers in hyperspectral data because
the corresponding noise is not independent and identically
distributed, as assumed by MDL and AIC [12]. Therefore,
other approaches have been proposed in the literature, which
can mainly be divided into two families. One is based on the
eigenvalues of the covariance or correlation matrices of the
data, such as the Harsanyi–Farrand–Chang (HFC) method [12].
This approach requires fixing the false-alarm probability α,
which could affect the estimated number of endmembers. The
other is based on the minimization of error when the data are
projected into a subspace, such as the Hyperspectral Signal
Identification by Minimum Error (HySIME) method [13]. This
approach requires the estimation of the noise of each spectral
band in order to compute the noise covariance matrix. The
estimation of noise is very computationally demanding.
In this letter, we propose a new empirical method—
eigenvalue likelihood maximization (ELM)—based on the likelihood function of the distribution of the eigenvalue differences
for determining the number of endmembers, which does not
need any parameter and does not require the estimation of the
noise.
This letter is organized as follows. In Section II, the method
proposed for estimating the number of endmembers is presented. The experimental study includes Section III, with various synthetic data sets, and Section IV, with real hyperspectral
data sets.
II. ELM
In hyperspectral imagery, the measured spectra are usually
considered as linear mixtures of the spectra of constituting
chemical species (endmembers) with different abundances.
We note X as the matrix representing the hyperspectral image cube, where X = {x1 , x2 , . . . , xNa }, where xk =
{x1,k , x2,k , . . . , xT
Ns ,k } with xl,k as the value of the kth pixel at
the lth spectral band. We assume that the spectrum of each pixel
is a linear mixture of the spectra of Nc endmembers, leading to
the following model:
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X = MS + n

(1)
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where M = {m1 , m2 , . . . , mNc } is the mixing matrix, where
mn denotes the spectral signature of the nth endmember.
S = {s1 , s2 , . . . , sNc }T is the abundance matrix, where sn =
{sn,1 , sn,2 , . . . , sn,Na } (sn,k ∈ [0, 1] is the abundance of the
nth endmember at the kth pixel). n stands for the additive noise
of the image.
We note K as the sample covariance matrix of X and R
as its correlation matrix. Suppose that λi and λ̂i are the ith
eigenvalues of K and R, respectively, with i ≥ 0, λi > λi+1 ,
and λ̂i > λ̂i+1 . Theoretically, if there are Nc endmembers
present in X, the eigenvalues λ̂i (i > Nc ) and λi (i > Nc )
correspond to the noise variance; therefore, we have

i ≤ Nc
λ̂i − λi > 0,
(2)
i > Nc .
λ̂i − λi = 0,
Noting zi = λ̂i − λi , a Neyman–Person test can be used to
threshold the zi value in order to estimate the number of
endmembers [12]. However, one has to fix the false-alarm value
α in order to determine the threshold for zi , which can affect the
estimated number of endmembers.
In this letter, we propose to use the distribution of zi values
for estimating the number of endmembers without any parameter, which can give a precise number of endmembers even if the
SNR is very low. The distribution of zi can be modeled by [14]


zi ∼ ℵ µi , σi2 ,
i ≤ Nc
zi ∼ ℵ(0, σi2 ),

i > Nc

(3)

where the mean µi is unknown and the standard deviation
σi can be given by σi2 ≈ (2/N )(λ̂2i + λ2i ), if the number of
samples is sufficiently large (which is usually the case for
hyperspectral images) [12], [14].
According to (3), we define a joint likelihood function


1
zl2
s
exp
−
H(i) = ΠN
(4)
l=i
σl
2σl2
and take its logarithmic value
H̃(i) = log H(i)
Ns
Ns


zl2
=−
−
log σl .
2σl2
l=i

(5)

l=i

 Ns
 s 2
2
We note A(i) = − N
l=i (zl /2σl ) and B(i) = −
l=i log σl .
Generally, if the signal abundance is large enough (which is
usually the case in hyperspectral imagery), µi should not be
close to zero when i < Nc . Therefore, zl (l ≤ Nc ) should also
be large, which yields exp(−(zl2 /2σl2 )) to be close to zero.
When l > Nc , zl is very close to zero, and exp(−(zl2 /2σl2 ))
will be very large when compared to the case where l ≤ Nc .
Therefore, the likelihood function H(Nc + 1) > H(i) when
i ≤ Nc . In practice, we have also found that, when i ≥ Nc + 1,
A(i) will change very slightly with i. Moreover, if we normalize
all the values of X into [0, 1], − log σi will be positive, and
B(i) decreases as a function of i when i ≥ Nc + 1, as well
as H̃(i). There is a global maximum of H̃(i) at i = Nc + 1.
Therefore, the number of endmembers can be estimated by

(6)
N̂c = arg max H̃(i) − 1.
i
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Fig. 1. Reference spectra of the three endmembers. (a) H2 O. (b) CO2 .
(c) Dust.

Fig. 2. Likelihood function computed on synthetic data (see text).

III. E XPERIMENTS ON S YNTHETIC DATA
A. Synthetic Data Without Artifact
In this section, we carry out experiments on synthetic data
simulated by using the spectra of three typical endmembers
(H2 O, CO2 , and dust) on the south pole of planet Mars provided
by the Institut de Planétologie et d’Astrophysique de Grenoble
(IPAG), which are shown in Fig. 1. Each spectrum has 256
spectral bands. The reflectance spectra of these endmembers
are calculated with radiative transfer models and laboratory data
under the atmospheric condition of the planet Mars.
The abundances of these endmembers are simulated by
Dirichlet distributions, and the maximal abundance of each
endmember sup S is set from 0.4 to 1 with an increment of 0.1.
The dimension of the abundance of each endmember is 96 × 96
pixels. Gaussian zero-mean noise is added, with SNR varying
from 10 to 50 dB. Therefore, the dimension of one synthetic
hyperspectral image is 9216 × 256.
In Fig. 2, the likelihood function H̃(i)(6) computed on synthetic data when SN R = 10 dB and the maximal abundance
values of endmembers are 0.4. It can be seen that, when
i = 4, there is a global maximum. The estimated number of
endmembers is hence Nc = 3(6).
Our experiment shows that all the three methods—ELM,
HySIME, and HFC—always give the correct number of endmembers.
For the HFC method, three false-alarm values are used (α =
10−5 , 10−4 , and 10−3 ), always leading to the same result. In this
experiment, all the three methods (ELM, HySIME, and HFC)
correctly estimate the number of endmembers. The estimation
results by using HFC with α = 10−4 and α = 10−5 are the
same as the results when α = 10−3 .
In this case, the ELM method is as robust as the state-of-theart approaches (HFC and HySIME) even when the noise level
is very high (SN R = 10 dB) and the maximal abundances of
endmembers are very low (0.4). However, the average computation times of ELM, HySIME, and HFC for estimating the
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TABLE I
N UMBERS OF E NDMEMBERS E STIMATED BY ELM, HFC, AND
H Y SIME ON S YNTHETIC DATA W ITH A RTIFACTS

Fig. 3. (a) Likelihood function computed on synthetic data with artifacts.

number of endmembers on one synthetic hyperspectral image
are 0.169, 2.488, and 0.313 s, respectively (Matlab, 2.4-GHz
CPU, 4-GB RAM). The computational cost of the ELM method
is considerably lower than those of the other methods, particularly when compared to HySIME which needs to estimate the
noise of each spectral band.
B. Synthetic Data With Artifacts
In practice, hyperspectral data are usually severely corrupted
by artifacts. Although the artifacts can be considered as noise,
they are not Gaussian and nonzero mean.
In this section, we replace the 10th, 20th, 30th, and 40th
spectral bands of the synthetic data by four images with a
straight line (with width of five lines) at different positions
in order to simulate the artifact, particularly the stripe artifact. Since four bands are corrupted by the artifacts, we note
Nart = 4.
In Fig. 3(a), the likelihood function H̃(i) when SN R =
10 dB and the maximal abundances of the endmembers are
0.7. In order to show the maxima of the likelihood function,
we show the zoomed region of H̃(i) in Fig. 3(b). There are one
local maximum at i = 4 and a global maximum at i = 8. The
first maximum corresponds to the real number of endmembers
Nc = 3, while the global maximum corresponds to the number
of endmembers plus the number of the spectral bands which are
corrupted by artifacts, i.e., Nc + Nart = 7.
Therefore, in practice, if there are several maxima on the
function H̃(i), the number of endmembers Nc is defined by
the first local maximum, i.e.,

N̂c = min H̃(i − 1) ≤ H̃(i) and H̃(i + 1) ≤ H̃(i) − 1.
i

(7)
In Table I, the estimated numbers of endmembers by using
ELM, HySIME, and HFC with different levels of noise and
different maximal abundance values of endmembers are shown.
For the results of ELM method, the numbers corresponding
to the first local maximum [see (7)] and the global maximum
[in parentheses; see (6)] are both shown. It can be seen that,
when the maximal abundances of the endmembers are larger
than 0.4, the estimated numbers by (7) are always equal to the
real number of endmembers, and the global maxima nearly always correspond to Nc + Nart = 7; except when the maximal
abundance is 0.5 and the SNR is too low (SN R = 10 dB),
there is only one global maximum which corresponds to the
real number of endmembers. When the maximal abundances of
the endmembers are too low (0.4), the ELM method does not
estimate the correct number of endmembers.

HySIME is as robust as in the previous experiment. The
estimated number is always equal to three.
For the HFC method, we have used the same three different
false-alarm values. HFC provides Nc + Nart = 7 only when
α = 10−3 . For other values, the estimated number by HFC is
between Nc and Nc + Nart . The artifacts have a very strong influence on the HFC method and will further affect the unmixing
procedure.
IV. E XPERIMENTS ON R EAL DATA
In this section, the proposed ELM algorithm is validated
on two real hyperspectral data: the Airborne Visible/Infrared
Imaging Spectrometer (AVIRIS) Cuprite data and the data
acquired by the Observatoire pour la Minéralogie, l’Eau, les
Glaces et l’Activité (OMEGA) instrument on the south pole of
planet Mars.
A. Cuprite Image
We at first validate our method on the Cuprite data set
acquired by the AVIRIS sensor on June 19, 1997. A subset of
200 × 200 pixels with 50 spectral bands from 2.00 to 2.48 µm
are taken into consideration [see Fig. 4(a)]. We compute the
likelihood function defined by (6), of which the result is shown
in Fig. 4(b). It can be seen that, when i = 2, there is a local maximum. According to (7), this local maximum leads to only one
endmember, which is not reasonable. Therefore, the number of
endmembers is determined by the global maximum, which is at
i = 8. According to (6), the number of endmembers estimated
by ELM is Nc = 7. For comparison, we have used HySIME and
HFC (with false-alarm values α = 10−3 , 10−4 , and 10−5 ). The
results are shown in Table II. The numbers of endmembers estimated by the three methods are very close (seven by ELM, eight
by HySIME, and nine by HFC). According to these results,
the performance of the ELM method is quite close to those of
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TABLE III
N UMBERS OF E NDMEMBERS E STIMATED BY THE ELM, H Y SIME,
AND HFC M ETHODS ON THE OMEGA I MAGE

Fig. 4. (a) Cuprite data (R—2.10 µm; G—2.20 µm; B—2.34 µm).
(b) Likelihood function when i ∈ [4, 11]. The global maximum is at i = 8.
TABLE II
N UMBERS OF E NDMEMBERS E STIMATED BY THE ELM, H Y SIME,
AND HFC M ETHODS ON AVIRIS C UPRITE I MAGE

Fig. 5. OMEGA ORB0041 image. (R—band 198; G—band 55; B—band 14).
(a) Likelihood function H̃(i) calculated on the image of Mars. (b) Zoom for
i ∈ [3, 30]. A global maximum is reached at i = 5.

the state-of-the-art methods. The unmixing results by extracting
seven endmembers from this data set can be found in [15].
B. OMEGA Image
The OMEGA ORB0041 image [16] [see Fig. 5(a)] taken in
late summer covers a large part of the south polar permanent
cap and layered deposits of Mars. We reduce the spatial extent
of the image to this region of interest (of which the spatial
dimension is 128 × 300 pixels). Previous studies [17] detected
three principal chemical species on the surface: water ice, CO2
ice, and mineral dust (of which the spectra are shown in Fig. 1).
The spatial resolution of the image is approximately 1 km/pixel.
After classically removing the bands corresponding to dead
spectels and saturated atmospheric absorption, 183 spectral
bands remain in the visible and infrared range. In [3], the
authors applied to the same OMEGA observation a blind source
separation consisting in an independent component analysis,
followed by a Bayesian scheme that implements positivity
constraints, where the number of endmembers is manually fixed
to three.
In Fig. 5(b) and (c), the likelihood H̃(i) calculated on the
image is shown. The number of endmembers estimated by ELM
is N̂c = 4. This number is quite close to the expected number
(which is three) of endmembers existing in this region.
In Table III, the estimated numbers of endmembers by using
ELM, HySIME, and HFC on the OMEGA data are shown. The
numbers estimated by both HySIME and HFC methods are too
high than the real number. In addition, the computation times
of ELM, HySIME, and HFC are 0.359, 6.894, and 0.807 s,
respectively. The ELM method continues to show its efficiency
as in the synthetic experiments.

Fig. 6. (a), (b), (e), (f) (Solid line) Four extracted spectra and (dashed line)
the most similar references. (c), (d), (g), (h) Abundances of the endmembers
computed on the OMEGA ORB0041 image.

The number estimated by the ELM method (Nc = 4) is
retained in order to unmix this image. The VCA [4] is used
for extracting the spectra of the endmembers, which are shown
in Fig. 6(a)–(d). The extracted spectra are compared with the
reference spectra of these minerals provided by IPAG by computing the correlation coefficients between them (see Table IV).
It can be seen that the spectra of the first, second, and fourth
endmembers can easily be identified as dust, CO2 ice, and H2 O
ice since their spectra are strongly correlated.
The abundances of the endmembers are estimated by a nonnegative least squares estimator based on the extracted spectra,
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TABLE IV
C ORRELATION C OEFFICIENTS B ETWEEN THE R EFERENCE S PECTRA
AND THE S PECTRA OF THE E XTRACTED E NDMEMBERS

Fig. 7.

(a) Spectral SNR of reconstruction. (b) Spatial SNR of reconstruction.

i.e., the abundances of the endmembers Ŝ are obtained by the
following equation:
Ŝ = arg min X − MS2 ,
S

s.t.

S≥0

(8)

where M is the spectra of the extracted endmembers. The
estimated abundances are shown in Fig. 6(e)–(h).
When compared to the results obtained by the state-of-theart method in [3], the abundance maps of the CO2 , H2 O, and
dust endmembers obtained by linear unmixing are very similar.
Although the fourth endmember cannot be identified by its
spectrum, its abundance reveals that it corresponds to the line
shift of the L and C channels of the OMEGA instrument.
The spectral and the spatial SNR of reconstruction by using
the spectra and the abundances of the four extracted endmembers are shown in Fig. 7. The spectral SNR is relatively low
in the absorptions of H2 O ice and CO2 ice (around 1.5, 2.0,
and 2.65 µm) because nonlinear effects such as the influence
of grain size or of the presence of intimate mixtures are more
pronounced in those bands. The radiometric accuracy of the
L channel of the instrument is significantly degraded, thus
explaining the relatively low SNRs of reconstruction in this
spectral range (2.67–4 µm). On the other bands, the spectral
SNRs are quite high. The spatial SNRs of reconstruction are
quite high (higher than 30 dB), except on the regions where the
line shift of L- and C-bands is significant.
It has to be remarked that, in [3], the number of the chemical
species in the image is a key parameter, which is manually
fixed. On the other hand, in this letter, the number is automatically estimated by the ELM method. The spectra and
the abundances of the endmembers are computed in a totally
unsupervised parameter-free way.
V. C ONCLUSION
An eigenvalue-based method (ELM) has been proposed in
order to estimate the number of endmembers in a hyperspectral
image. When compared to the state-of-the-art methods, ELM is
fast and parameter free and does not need to estimate the noise
of each band. Even though the image is corrupted by artifacts,

ELM can estimate not only the correct number of endmembers but also the number of bands corrupted by the artifacts.
The experiments carried on synthetic data have validated the
efficiency of the method, while the experiments carried on real
data set acquired by the Observatoire pour la Minlogie, l’Eau,
les Glaces et l’Activité (OMEGA) instrument on planet Mars
show that the ELM method is the only one which can estimate
a reasonable number of endmembers existing in this image.
When performing unmixing with the ELM-estimated number
of endmembers, physically consistent results are obtained.
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