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Abstract—Spectral unmixing is a popular technique for analyzing remotely sensed hyperspectral data sets with subpixel
precision. Over the last few years, many algorithms have been developed for each of the main processing steps involved in spectral
unmixing (SU) under the LMM assumption: 1) estimation of the
number of endmembers; 2) identification of the spectral signatures
of the endmembers; and 3) estimation of the abundance of endmembers in the scene. Although this general processing chain has
proven to be effective for unmixing certain types of hyperspectral
images, it also has some drawbacks. The first one comes from the
fact that the output of each stage is the input of the following one,
which favors the propagation of errors within the unmixing chain.
A second problem is the huge variability of the results obtained
when estimating the number of endmembers of a hyperspectral
scene with different state-of-the-art algorithms, which influences
the rest of the process. A third issue is the computational complexity of the whole process. To address the aforementioned issues, this
paper develops a novel negative abundance-oriented SU algorithm
that covers, for the first time in the literature, the main steps involved in traditional hyperspectral unmixing chains. The proposed
algorithm can also be easily adapted to a scenario in which the
number of endmembers is known in advance and two additional
variations of the algorithm are provided to deal with high-noise
scenarios and to significantly reduce its execution time, respectively. Our experimental results, conducted using both synthetic
and real hyperspectral scenes, indicate that the presented method
is highly competitive (in terms of both unmixing accuracy and
computational performance) with regard to other SU techniques
with similar requirements, while providing a fully self-contained
unmixing chain without the need for any input parameters.
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I. I NTRODUCTION

S

PECTRAL unmixing is an important task in remotely
sensed hyperspectral image exploitation [1]. The linear
mixture model (LMM) is a widely used technique for spectral
unmixing (SU), which is based on the principle that each captured pixel in a hyperspectral image can be represented as the
linear combination of a finite set of spectrally pure constituent
spectra or endmembers, weighted by an abundance factor that
establishes the proportion of each endmember in the pixel under
inspection [2]. Hence, under this linear mixing scenario, each
pixel of the hyperspectral image can be defined as
x = Eα + n

(1)

where x is a L-dimensional vector (withL being the number
of spectral bands of the image), E = [e1 , e2 , . . . , ep ] is the
endmembers matrix (ei denotes the ith endmember column
vector, with p being the number of endmembers in the image),
α = [α1 , α2 . . . , αp ]T is the abundance vector (αi denotes the
abundance of the endmember ei in pixel x), and n is an additive
perturbation (e.g., noise and/or modeling errors) [3]. Due to
physical constraints, the abundance vector is nonnegative
(α ≥

0) and satisfies the sum-to-one constraint ( i αi = 1) [4].
Thus, the geometrical interpretation is that if n = 0, each pixel
x of the image is contained in the simplex whose vertices are
the endmembers [5].
In real scenarios, even without perturbation, the magnitude
of each pixel of the image is affected by the so-called spectral variability; therefore, it is not possible to ensure that all
pixels lie inside the simplex. Spectral variability is due, to a
grand extent, to variations in the illumination and atmospheric
conditions within a hyperspectral image, causing the spectral
signature of a material to vary within an image [6]. If we assume
that this spectral variability can be modeled by a scaling factor
λ, which is identical for all the endmembers in a given pixel [7],
the LMM can be reformulated as
x = Ea + n

(2)

where a = λα holds the positivity constraint but not the sumto-one constraint. Hence, it is possible to ensure that the pixels
lie inside the convex cone defined by Ea with a being nonnegative but not sum-to-one constrained.
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One of the main benefits of this model when applied on the
field of hyperspectral imaging comes from the fact that the
number L of spectral bands is typically much higher than
the number p of endmembers, allowing one to characterize the
SU problem in terms of an overdetermined system of equations.
More precisely, given a set {e1 , e2 , . . . , ep }, the SU problem
consists in finding the abundance coefficients {a1 , a2 , . . . , ap }
such that the distance Ea − x2 is minimized. The unconstrained solution to this problem is given by
a = E+x

(3)

−1

being E + = (E T E) E T the Moore–Penrose pseudoinverse
of E [8].
In the following, (3) indicates the SU solution according to
model (2), in which the nonnegativity and sum-to-one constraints have been relaxed. This solution will be denoted from
now on as the unconstrained abundances.
Within the linear unmixing paradigm, up to three types of
unmixing algorithms can be identified: geometrical, statistical,
and sparse algorithms [1]. Geometrical unmixing algorithms
work under the assumption that the endmembers of a hyperspectral image are the vertices of a geometrical figure that is
maximally contained [9]–[11] or minimally encloses [12]–[14]
the data in the targeted hyperspectral image. As their name
suggests, statistical methods [15], [16] are based on analyzing
mixed pixels by means of statistical principles, such as Bayesian
approaches [17]. Finally, sparse regression-based algorithms
are based on expressing each mixed pixel in a scene as a linear
combination of a finite set of pure spectral signatures that are
a priori known [18], [19]. Although each of these methods
exhibits their own pros and cons, the fact is that geometrical
approaches have been the ones most frequently used by the
hyperspectral research community up to now [1]. This is mainly
due to their reduced—although still high—computational cost
when compared with the other types of unmixing algorithms,
as well as to the fact that they represent a straightforward
interpretation of the linear model as defined in (1).
To fully unmix a given hyperspectral image by means of
a geometrical method, the majority of the state-of-the-art approaches are based on dividing the whole process into three
concatenated steps: 1) estimate the number of endmembers
that are present in the image under analysis; 2) induce these
endmembers from the data; and 3) calculate per each mixed
pixel of the image the abundances associated with the endmembers already computed. This is summarized in Fig. 1, where a
de facto hyperspectral unmixing chain is depicted.
Although this strategy has proven to be effective for unmixing certain types of hyperspectral images, it also has associated
three main inherent drawbacks.
1) The first one comes from the fact that the output of each
stage is the input of the following one, which favors the
propagation of errors within the unmixing chain.
2) The second one becomes determined by the huge variability of the results obtained when estimating the number
of endmembers of a hyperspectral scene with different
state-of-the-art algorithms, or in some cases, with the same
algorithm but with different initialization parameters. For

instance, if the number of endmembers is obtained by
means of computing the virtual dimensionality (VD) of the
image, very different results may be obtained depending
on the technique employed for estimating the VD itself
[20]. Furthermore, even when the same technique is employed, dissimilar results may be achieved for different
values of the false-alarm probability PF , which should be
mandatory fixed to a certain (unknown) value to estimate
the VD of an image through the Harsanyi–Farrand–Chang
(HFC) or noise-whitened HFC (NWHFC) methods [8].
Finally, it is worth to mention that different works [21]
have already uncovered that, for a given hyperspectral
image, the number of endmembers obtained by estimating
the VD of the targeted image may significantly differ
from the one obtained with other well-known algorithms,
such as the hyperspectral signal identification by minimum
error (HySime) algorithm [22]. Moreover, some other
algorithms that have been recently proposed in the literature [23], [24], have demonstrated to provide results that
differ from those achieved with the VD and the HySime
techniques, which add even more uncertainties to the process of accurately estimating the number of endmembers
of a hyperspectral image.
3) Finally, the third drawback refers to the circumstance
that all the possible combinations of algorithms to fully
unmix a hyperspectral image demand a formidable computational effort, this effort being typically higher if better
unmixing performance of the designed unmixing chain is
needed.
In this paper, we develop a novel abundance-guided unsupervised algorithm that addresses the three previously identified
drawbacks. The proposed algorithm selects the pixels lying outside the hypercone defined by a set of candidate endmembers as
better candidates; thus, we call it negative abundance-oriented
(NABO) algorithm.
Recently, methods based on estimated abundance to guide
the endmember induction process have been proposed [30],
[31]. These methods assume that the pixels with highest abundance absolute values for some set of candidate endmembers are better candidates to be the actual endmembers. For
a given number of endmembers, these methods start with a
set of candidate endmembers and then estimate the fractional
abundance according to the LMM, using the sum-to-one but
not the nonnegativity constraint. An iterative process selects
the pixel with the highest abundance component in absolute
value as a new candidate endmember. This new candidate endmember replaces the old one corresponding with the maximum
abundance component index. Then, the fractional abundances
are reestimated, and the iterative process continues until the
fractional abundance component with maximum absolute value
falls below a tolerance threshold. These methods are fast but
also sensitive to outliers. In [30], a spatial information process is
proposed based on the assumption that the purest signatures are
usually distributed in spatially homogeneous areas to overcome
the outlier-related issues.
The main differences between the proposed NABO algorithm and the aforementioned abundance-guided methods [30],
[31] are the following.
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De facto hyperspectral unmixing processing chain.

• We propose a methodology to introduce the estimation
of the number of endmembers as an inherent part of the
unmixing process. This is based on the error between
the original image and the reconstructed one using the
unconstrained abundances; therefore, the error can only
be explained in terms of noise and lack of dimensionality.
• The proposed NABO method imposes no constraints to
the abundance estimation, and the search is guided by the
maximum negativity; whereas, in [30] and [31], sum-toone constraint is imposed and the search is guided by the
maximum absolute value. Both criteria are similar since
a high absolute value (greater than one) with sum-to-one
constraint implies negative abundance of at least one of
the components of the abundance vector. The reason why
we do not consider the sum-to-one constraint is twofold.
On one hand, we do not need it to guide the search
since the criterion is based on identifying those pixels
lying outside the hypercone defined by the candidate
endmembers, i.e., negativity is a necessary and sufficient
criterion. On the other hand, normalizing the abundances
introduces another source of error in the process of estimating the number of endmembers since the length of the
reconstructed pixels is modified.
• We propose the use of a global objective function in
NABO to identify the substituted endmember, in contrast with [30] and [31], where no criteria are followed.
This global function avoids the selection of outliers as
candidate endmembers and offers a more straightforward
stopping rule than the a priori selection of a tolerance
value.
• In addition, we propose a more conservative methodology
to select the new candidate endmember and the old endmember that the new endmember will substitute. In [30]
and [31], the pixel with maximum absolute abundance is
selected to substitute the endmember corresponding to the
index of such abundance. The proposed NABO methodology selects a set of candidate pixels ordered by maximum

negative abundance. NABO proceeds by selecting the first
candidate pixel and testing all the possible substitutions.
The substitution that most improves the global objective function is retained. If no substitution improves the
objective function, the pixel is discarded, and the next
candidate pixel is selected. The process follows up to a
number of candidate pixels indicated by an exhaustivity
counter. However, we have experimentally check that,
in most cases, when a substitution happens, the substituted endmember corresponds to an abundance with high
absolute value; therefore, the criterion followed in [30] and
[31] is a good heuristic to the selection of the substitution.
As it will be further detailed, our algorithm is capable to effectively obtain the number of the endmembers of the image, to
induce these endmembers, and to compute their corresponding
unconstrained abundances without splitting the process into the
three different computing stages. Thus, each of the estimation
processes (involving the number of endmembers, the endmembers themselves, and the unconstrained abundances) make use
of the information provided by the other two, providing a
feedback that prevents the propagation of errors. Summarizing,
the proposed algorithm prevents the propagation of errors by
interlacing the three SU stages, gives a robust estimation of the
number of endmembers, and presents a computational burden
comparable to fast state-of-the-art methods, i.e., vertex component analysis (VCA) [5].
To compare its performance with respect to other existing
algorithms, the proposed algorithm can be also configured
to only extract the endmembers of an image together with
their associated unconstrained abundances once the number of
endmembers present at the targeted hyperspectral scene has
been indicated as an input parameter. The results obtained
with synthetic and real remotely sensed hyperspectral images
demonstrate the benefits provided by our NABO algorithm due
to the fact that it is based on analyzing the negativity of a set of
previously computed unconstrained abundances. Furthermore,
the endmember induction performance of NABO is compared

MARRERO et al.: NOVEL NABO HYPERSPECTRAL UNMIXING ALGORITHM

3775

against the method proposed in [30]. In this comparison, we
illustrate that NABO is less sensitive to outliers than the method
in [30] when no spatial information is taken into account, highlighting the relevance of the proposed NABO global objective
function.
The remainder of this paper is organized as follows. Section II
details the fundamentals of the proposed NABO algorithm.
Section III introduces two additional algorithms that are based
on the same principles than NABO but include some further
preprocessing operations to reduce its spectral dimensionality
and therefore reduce the noise of the image under analysis and
the time required to unmix the image. Section IV presents the
most significant results obtained with all the proposed algorithms with synthetic and real hyperspectral images, comparing
their performances with different state-of-the-art approaches.
Section V outlines the most important concluding remarks
extracted from this paper and provides hints at plausible future
research lines.
II. P ROPOSED NABO U NMIXING A LGORITHM
The proposed NABO algorithm consists in exploiting the
unconstrained abundance information in a geometrical greedy
fashion to obtain suboptimal solutions for the complete SU
problem: the determination of the number p of endmembers,
the extraction of these endmembers {e1 , e2 , . . . , ep }, and the
estimation of the unconstrained abundance {a1 , a2 , . . . , aN }
for every pixel of the image, with N being the total number of
pixels.
NABO is based on three main principles.
1) The first one is pure-pixel assumption, i.e., the presence of
pure spectra in the data.
2) The second one refers to the issue that unconstrained
abundances are useful to determine the actual number of
endmembers that constitute a hyperspectral image as it
will be demonstrated in this paper. More concretely, it
takes advantage of the fact that if the estimated number p̂
of endmembers is underestimated, i.e., p̂ < p, the error between the original image and the reconstructed image will
be higher than a given threshold. This will be explained in
detail in Section II-A.
3) The third one consists of directing the algorithm search
for the best candidates to be actual endmembers by analyzing the negativity of the calculated unconstrained abundances for a given set of pixels as candidate endmembers.
In this way, NABO makes possible to reach a suboptimal
solution without performing an exhaustive search. This
second principle will be detailed in Section II-B.

Assuming the linear model (1) with zero-mean Gaussian
=
white noise and a given set of p̂ candidate endmembers E


] as a L × p̂ matrix, the reconstruction of the jth
[
e1 e2 . . . , e
p
pixel is given by
j =
x

i=1


ei α
ij

 + xj .
j = E
α

(4)

(5)

Thus, the associated reconstruction error vector is given by
j =
εj = xj − x

p


ei aij + nj −

i=1


p



ei 
aij

(6)

k=1

with ei being the actual ith endmember, aij being the actual
abundance of the ith endmember in the jth pixel, p being the
actual number of endmembers, and nj being the noise vector
associated to the jth pixel.
Hence, the mean power reconstruction error of the image can
be defined as
1  2
εkj
NL
j=1
L

Perror =

N

(7)

k=1

where N is the number of pixels, and L represents the number
of spectral bands of the hyperspectral image. Expanding (7) and
assuming that
êki = eki + nki

(8)

i.e., the ith induced endmember is the ith actual endmember
obtained as a noisy pixel of the image, the following equation
is obtained:
1 
NL
j=1
L

Perror =

N

k=1

⎞2
⎛
p
p
p





×⎝
eki aij −
eki 
aij + nkj −
nki 
aij ⎠ .
i=1

i=1

(9)

k=1


p
p
Let us denote by ηkj
= pi=1 eki aij − 
aij the error
i=1 eki 
due to the underestimation of the number of endmembers;
p
e
= 
aij the error due to
similarly, let us denote by ηkj
i=1 nki 
the endmembers noise in the image and by nkj the noise of the
image. Then, Perror can be written as
1  p 2
e 2
=
ηkj + n2kj + ηkj
NL
j=1
L

Perror

N

k=1

p
e
e
nkj − ηkj
.
− 2nkj ηkj
+ 2ηkj

(10)

At this point, we have on the one hand
1 
e
e
nkj ηkj
= E nkj · ηkj
NL
j=1
L

A. Estimation of the Number of Endmembers

p



with 
aij as the unconstrained abundances obtained by

N

k=1

e
e
+ cov nkj , ηkj
≈0
= E[nkj ] · E ηkj
(11)

because n is zero-mean Gaussian white noise. On the other
hand, if p̂ = p, we have
p
ηkj
=0

(12)
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hence
1  2
1  e 2
nkj +
ηkj = Px + Pηe .
NL
NL
j=1
j=1
L

Perror ≈

L

N

k=1

N

k=1

(13)
Using any noise estimator such as the one proposed in [22], it is
possible to estimate Px and Pηe , reaching the desired criterion
Perror ≤ Px + Pηe

(14)

which means that, if Perror > Px + Pηe , this implies that p̂ <
p, i.e., the number of endmembers is underestimated.
Thus, the quality of the noise estimation affects the performance of the number of endmembers estimated by (14).
On the one hand, if the estimated noise is greater than the
actual noise, this could result in an underestimated number of
endmembers since the stop criteria could be matched by a lower
dimensionality error. On the other hand, if the estimated noise
is lower than the actual noise, the number of endmembers could
be overestimated since it could be necessary a larger set of
endmembers to reduce the reconstruction error. Furthermore,
the quality of the induced endmembers does not seriously affect
(14) if the induced endmembers are linear combinations of
the set of actual endmembers since it is always possible to
reconstruct the image pixels from a linear combination of the
set of actual endmembers.

e i ai

(15)

i=1

where ei is the ith actual endmember, and ai is the nonnegative
abundance of the ith endmember in pixel x, which lies inside
the hypercone defined by endmembers ei . If e1 is expressed in
terms of the other endmembers and x, the following expression
is obtained:
 −ai
1
e1 = x +
ei .
a1
a1

To induce the set of endmembers that makes a better characterization of the hyperspectral image under analysis in terms of
the LMM, this paper proposes an iterative process guided by the
minimization of the following global energy objective function,
where j keeps track of every pixel in the image:

E

The main idea of NABO is inducing the endmembers from
the image based on a negative abundance criterion so that the
algorithm does not need to perform an exhaustive search. Given
a set of candidate endmembers, all the pixels that lie outside
the hypercone defined by these endmembers have necessarily
a negative abundance. Hence, pixels with a negative abundance
are alternative candidates to be endmembers. In fact, pixels with
the highest negative abundances are the best candidates to be
the sought endmembers.
Let us assume a toy example in which the pixel x is given by
p


C. Implementation of the Proposed Algorithm

arg min J(E); J =

B. Endmembers Induction Criterion Based on
Abundance Negativity

x=

ing that negative abundances are a good indicator to select
candidate endmembers.
At this point, it should be noted that other methods such
as those in [30] and [31] perform the search for endmember
candidates guided by the maximum absolute value of the estimated abundances because they apply sum-to-one constraint
to these abundances. Both criteria are similar since a high
absolute value (greater than one) with sum-to-one constraint
implies negative abundance of at least one of the components
of the abundance vector. For instance, it is shown in (16) that
the term 1/a1 increases, whereasa1 decreases, which could
be also a good criterion if applying sum-to-one constraint
(normalizing) to fairly compare these values. However, the need
of unconstrained abundances by our approach for estimating the
number of endmembers and some particularities of the NABO
algorithm that will be explained in the following led us to use a
strategy different to the one adopted in [30] and [31].

p

(16)

i=2

Due to the nonnegativity of the abundances ai , the terms
−ai /a1 are negative; therefore e1 lies outside the hypercone
defined by the remaining set of endmembers and the pixel
[e2 , e3 , . . . , ep , x]. Moreover, the further e1 is from x, the
smaller a1 is; therfore, terms −ai /a1 are more negative, show-



βj

j


mini (aij )
× βj
0

if mini (aij ) < 0
if mini (aij ) ≥ 0.

(17)

Solving (17) is a fast, simple, and light process to induce the
set of endmembers based on the negativity of the abundances at
each pixel. Hence, the algorithm tries to find the more outward
pixels enclosing as many pixels as possible inside its associated
hypercone. In noisy scenarios, including all the pixels inside the
hypercone is not possible, i.e., there is no pixel without negative
unconstrained abundance of at least one endmember. However,
the algorithm looks for the closest solution that minimizes the
abundance negativity of the pixels of the image.
Hence, the algorithm consists of a refinement where the
unconstrained abundances are fed back while the set of pixels
assumed as endmembers are continuously replaced by the best
pixel candidates, trying to minimize the objective function,
and while the numbers of endmembers is increased until a
suitable number of endmembers is reached. Furthermore, the
algorithm is unsupervised, unless for the inferior and superior
limits defined for the number of endmember estimation and for
an exhaustiveness counter variable that the user defines as an
input of the algorithm.
Algorithm 1 shows the pseudocode of the proposed NABO
algorithm. The algorithm starts with a preprocessing step
where the image noise is estimated using a technique presented in [22]. Then, variable p is initialized to an underestimated p_init value; and p pixels are chosen to be the initial
endmembers.
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Algorithm 1 Pseudocode of NABO algorithm
INPUTS: p_init, p_end, exhaustivity_counter, X =
[x1 , x2 , . . . , xN ];
X is composed by N hyperspectral pixels
1: Preprocessing
— No dimensional reduction.
— Noise estimation for stopping rule.
— Initialize p to the p_init value.
— Let {e1 , e2 , . . . , ep } be a set of initial vector randomly
selected (or as input) from X.
2: Initialization
— Initialize counter to the exhaustivity_counter value.
— Calculate the unconstrained abundances of every pixel
of the image with the set of endmembers {ei } i = 1
to p.
— Calculate the energy J of the objective function by
using the unconstrained abundances.
— Update the best_candidates_list through the negativity of the unconstrained abundances. The pixel with
the most negative abundance is the best candidate; the
pixel with the second most negative abundance is the
second best candidate; . . .
3: Outer Loop (j keeps track of the jth best candidate)
— Take r as best candidate currently: take the jth element
of best_candidates_list.
4: Inner Loop (i keeps track of the i endmember ei , 1 <
i < p)
— Calculate the unconstrained abundances for
{e1 , e2 , . . . , ei−1 , r, ei+1 , . . . , ep } if this set of
vector is linearly independent.
— Calculate the energy Ji of the objective function by
using the unconstrained abundances.
5: Replacement rule
— Once the algorithm exits from the Inner Loop, if any
of the calculated energy (Ji ) of the objective function
is lesser than the energy obtained by {ei } i = 1 to p
then
— The replacement is performed, so the new set of endmembers is {e1 , e2 , . . . , ei−1 , r, ei+1 , . . . , ep }
— counter = exhaustive_counter
— Update the best_candidates_list through the negativity of the unconstrained abundances. The pixel with
most negative abundance is the best candidate, the
pixel with the second most negative abundances is the
second best candidate, . . .
— Initialize j = 1.
— Go to Step 3.
6: Exhaustivity counter decrementation
— counter is decremented by one.
— If counter does not reach 0, go to Step 3.
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7: Stopping rule
— Calculate the reconstructed image by multiplying
the current set of endmembers and its associated
unconstrained_abundances.
— If the reconstruction error power is smaller than the
criterion exposed in Section II or p is equal to p_end,
then go to Step 8.
— If not, increment p by one unit and update the endmembers including ep , as the best candidate (first
element of best_candidates_list).
— Go to Step 2.
8: Exit
— If we do not want noiseless endmembers then end.
— Obtaining Up by PCA.
— Y = UT
p−1 Up−1 (X − X) + X
— E = Y:,E_index (index is the vector with the endmember index position in the image.
OUTPUT: E = [e1 , e2 , . . . , ep ], unconstrained Abundances A
After that, the algorithm reaches the initialization step where
the counter variable is initialized to the exhaustivity_counter
given by the user. This counter tracks the exhaustiveness of
the endmember search procedure. Furthermore, the algorithm
calculates the unconstrained abundances of the endmembers for
every pixel of the image. With these unconstrained abundances,
the energy J is calculated. In addition, the unconstrained
abundances allow to construct the best_candidates_list vector
through the negativity of the abundances, due to the fact that
the pixels with the most negative abundances are the best
candidates to be considered as endmembers, as it has been
shown in the earlier section. Hence, the pixel with the most
negative abundance is the best candidate, the pixel with the
second most negative abundance is the second best candidate,
and so on.
Steps 3 and 4 reflect the iterative nature of the algorithm,
trying to find a suboptimal solution without conducting an
exhaustive search where the outer loop runs on pixels indexed in
best_candidates_list vector, whereas the inner loop is used to
check if there is a need to have one of the current p endmember
replacement by the currently pixel chosen in the outer loop,
e.g., r. The inner loop checking process consists of calculating
J by means of the unconstrained abundances of endmembers,
replacing each endmember by r in each iteration.
Hence, if one of the calculated J energy values in the
inner loop is smaller than the current minimum J energy, the
replacement is performed, the counter variable is initialized to
the exhaustive_counter value, the best_candidates_list vector
is updated, and the algorithm returns to the outer loop. On the
contrary, if none of the calculated J energy values in the inner
loop is smaller than the current minimum J energy, the counter
variable is decremented by one.
If counter reaches a value equal to zero, the algorithm checks
if the stopping rule is met. If it does, the algorithm finalizes.
Otherwise, the algorithm returns to the initialization step after
incrementing p by one unit and adding the first element of
best_candidates_list to the set of endmembers.

3778

IEEE TRANSACTIONS ON GEOSCIENCE AND REMOTE SENSING, VOL. 53, NO. 7, JULY 2015

Regarding the reason why we did not follow the overall strategy presented in [30] and [31], it is important to highlight that
we have experimentally found that using the absolute value criterion with sum-to-one constraint instead of the unconstrained
negativity criterion in NABO yields to multiple selections of
the same pixel as candidate endmembers when underestimating
the actual number of endmembers, undermining the ability
of the NABO method to induce endmembers and accurately
estimate the actual endmember number. Hard coding as a
solution to this issue will introduce unnecessary complexity.
In addition, avoiding normalizing the abundances lightens the
computational burden, although we are aware that this criterion
slightly promotes pixels with high magnitude for two reasons:
1) For a given pixel and a given set of candidate endmembers,
the higher the magnitude of the pixel the higher the absolute
value of the unconstrained abundances; and ii) regarding the
objective function, the abundances of all the pixels of the image
with respect to this candidate endmember with high magnitude
will be lower than the abundances obtained with the same
candidate endmember with shorter length.
III. F URTHER I MPLEMENTATIONS
To increase the performance of the proposed NABO algorithm, two optional steps have been included to reduce noise
of the hyperspectral image under processing and the execution
time of the NABO algorithm, respectively. These two alternative implementations have been developed taking into account
the principal component analysis (PCA) preprocessing stage
that can be found in different endmember extraction algorithms,
such as the vertex component analysis (VCA) [5].
On the one hand, the first implementation called NABO
NO NOISE (NABO_NN) consists of projecting the data as
T
Up−1 (X − X) + X, withUp−1 being the first p − 1
Y = Up−1
components of the L × (pend − 1) matrix obtained by PCA,
X being the original data L × N matrix, and X being the
sample mean vector L × 1 of X. Thus, the proposed algorithm
works on an input noiseless hyperspectral data set, being this
projection performed every time that the variable p is increased.
The pseudocode of this alternative implementation can be found
in Algorithm 2.

— Calculate the unconstrained abundances of every pixel
of the image with the set of endmembers {ei } i = 1
to p.
— Calculate the energy J of the objective function by
using the unconstrained abundances.
— Update the best_candidates_list through the negativity of the unconstrained abundances. The pixel with
the most negative abundance is the best candidate, the
pixel with the second most negative abundance is the
second best candidate, . . .
3: Outer Loop (j keeps track of the jth best candidate)
— Take r as best candidate currently: take the jth element
of best_candidates_list.
4: Inner Loop (i keeps track of the ith endmember ei , 1 <
i < p)
— Calculate the unconstrained abundances for
{e1 , e2 , . . . , ei−1 , r, ei+1 , . . . , ep } if this set of
vector is linearly independent.
— Calculate the energy Ji of the objective function by
using the unconstrained abundances.
5: Replacement rule
— Once the algorithm exits from the Inner Loop, if any
of the calculated energy (Ji ) of the objective function
is lesser than the energy obtained by {ei } i = 1 to p
then
— The replacement is performed; therefore, the new set
of endmembers is {e1 , e2 , . . . , ei−1 , r, ei+1 , . . . , ep }
— counter = exhaustive_counter
— Update the best_candidates_list through the negativity of the unconstrained abundances. The pixel with
most negative abundance is the best candidate, the
pixel with the second most negative abundances is the
second best candidate, . . .
— Initialize j = 1.
— Go to Step 3.
6: Exhaustivity counter decrementation
— counter is decremented by one.
— If counter does not reach 0, go to Step 3.

1: Preprocessing
— Noise estimation for stopping rule.
— Obtaining Up_end by PCA.
— Initialize p to the p_init value.
— Y = UT
p−1 Up−1 (X − X) + X
— Let {e1 , e2 , . . . , ep } be a set of initial vector randomly
selected (or as input) from Y.

7: Stopping rule
— Calculate the reconstructed image by multiplying the
current set of endmembers in the original data space
and its associated unconstrained_abundances calculated in the original data space.
— If the reconstruction error power is lesser than the
criterion exposed in Section II or p is equal to p_end,
then go to Step 8.
— If not, increment p by one unit and update the endmembers including ep , as the best candidate (first
element of best_candidates_list).
— Recalculate Y = UT
p−1 (X − X) + X with current p.
— Go to Step 2.

2: Initialization
— Initialize counter to the exhaustivity_counter value.

8: Exit
— A = E + X.

Algorithm 2 Pseudocode of NABO_NN algorithm
INPUTS: p_init, p_end, exhaustivity_counter, X =
[x1 , x2 , . . . , xN ];
X is composed by N hyperspectral pixels
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OUTPUT: E = [e1 , e2 , . . . , ep ], unconstrained Abundances A
On the other hand, the second implementation, which is
called NABO dimensional reduction (NABO_DR), consists of
T
(X − X) and then constructprojecting the data as Y  = Up−1

ing the Y matrix as [Y ; C], withC = [c c . . . , c] being a
1 × N vector with c = arg maxj=1...N [X]:,j  as it is done
by VCA in its preprocessing step. Thus, the algorithm works
on a noiseless data set and with just p bands (p  L), which
increases the execution speed. Again, this projection has to
be performed every time that variable p is increased. The
pseudocode of this alternative implementation can be found in
Algorithm 3.
Algorithm 3 Pseudocode of NABO_DR algorithm
INPUTS: p_init, p_end, exhaustivity_counter, X =
[x1 , x2 , . . . , xN ];
X is composed by N hyperspectral pixels
1: Preprocessing
— Noise estimation for stopping rule.
— Obtaining Up_end by PCA.
— Initialize p to the p_init value.
— Z = UT
p−1 (X − X)
— C = [c c c . . . , c] with c = arg maxj=1...N [X]:,j 
— Y = [Z; C]
— Let {e1 , e2 , . . . , ep } be a set of initial vector randomly
selected (or as input) from Y.
2: Initialization
— Initialize counter to the exhaustivity_counter value.
— Calculate the unconstrained abundances of every pixel
of the image with the set of endmembers {ei } i = 1
to p.
— Calculate the energy J of the objective function by
using the unconstrained abundances.
— Update the best_candidates_list through the negativity of the unconstrained abundances. The pixel with
the most negative abundance is the best candidate, the
pixel with the second most negative abundance is the
second best candidate, . . .
3: Outer Loop (j keeps track of the jth best candidate)
— Take r as the best candidate currently: take the jth
element of best_candidates_list.
4: Inner Loop (i keeps track of the ith endmember ei , 1 <
i < p)
— Calculate the unconstrained abundances for
{e1 , e2 , . . . , ei−1 , r, ei+1 , . . . , ep } if this set of
vector is linearly independent.
— Calculate the energy Ji of the objective function by
using the unconstrained abundances.
5: Replacement rule
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— Once the algorithm exits from the Inner Loop, if any
of the calculated energy (Ji ) of the objective function
is lesser than the energy obtained by {ei } i = 1 to p
then
— The replacement is performed; therefore, the new set
of endmembers is {e1 , e2 , . . . , ei−1 , r, ei+1 , . . . , ep }
— counter = exhaustive_counter
— Update the best_candidates_list through the negativity of the unconstrained abundances. The pixel with
most negative abundance is the best candidate, the
pixel with the second most negative abundances is the
second best candidate, . . .
— Initialize j = 1.
— Go to Step 3.
6: Exhaustivity counter decrementation
— counter is decremented by one.
— If counter does not reach 0, go to Step 3.
7: Stopping rule
— Calculate the reconstructed image by multiplying the
current set of endmembers in the original data space
and its associated unconstrained_abundances calculated in the original data space.
— If the reconstruction error power is lesser than the
criterion exposed in Section II or p is equal to p_end
then go to Step 8.
— If not, increment p by one unit and update the endmembers including ep , as the best candidate (first
element of best_candidates_list).
— Recalculate Z = UT
p−1 (X − X) with current p.
— Y = [Z; C]
— Go to Step 2.
8: Exit
— E = Up−1 Z:,index + X {index is the vector with the
endmembers index position in the image}.
— A = E + X.
OUTPUT: E = [e1 , e2 , . . . , ep ], unconstrained Abundances A

IV. R ESULTS
In this section, the unmixing performance of the three versions of the proposed NABO algorithm will be demonstrated
and compared against different state-of-the-art solutions. For
this purpose, we have used a set of artificially generated hyperspectral images and the real well-known Cuprite hyperspectral
image collected by the Airborne Visible Infra-Red Imaging
Spectrometer (AVIRIS). Furthermore, earlier, the endmember
induction performance of the proposed NABO algorithm is compared against the one achieved by the method proposed in [30].
A. Results With Synthetic Hyperspectral Images
The artificial hyperspectral images used in this paper were
generated with the demo_vca software tool available from [5],
which allows creating a hyperspectral image of a spatial size
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defined by the user from p spectral signatures selected from the
U.S. Geological Survey digital spectral library1 that are mixed
according to abundance fractions generated with a properly
tuned Dirichlet distribution. To include the illumination variability that typically occurs in real scenes, we have introduced
in the process of generating these images a variable named fluct
thatmeasuresthevarianceof this illumination variability. Hence,
each pixel of the image, which is obtained by multiplying the actual endmembers and the actual abundances, is further multiplied by a positive factor that follows the distribution N (1, σ 2 ),
where σ 2 = fluct.In addition,a certain amount of Gaussian white
noise is added at the end of this image generation process, so that
the SNR of the created images can be fixed to a certain
predefined value.
Figs. 2–5 show the results obtained for a set of synthetically
generated hyperspectral images composed by 150 × 150 pixels
and 224 spectral bands with four different numbers of endmembers (5, 10, 15, and 20), four different SNR values (10,
20, 30, and 40 dBs), and under two different scenarios with
respect to the lack or presence of illumination variability in the
scene (f luct = 0 and f luct = 3e − 2, respectively). Each of
the three versions of the proposed NABO algorithm (NABO,
NABO_NN, and NABO_DR) has been applied to these images
considering the values 1 and 5 for the exhaustivity_counter
variable (see the pseudocodes shown at Algorithms 1–3) to
study the influence of the degree of exhaustiveness within the
search process over the global performance of the proposed
algorithm. Moreover, each version of the algorithm has been
applied to each image a total of ten times, considering at each
run a different and randomly selected seed, i.e., a set of starting
points for the search process. To make a fair comparison, in
Figs. 2–5, the abundances obtained by the proposed NABO
algorithms, the VCA [5], and N-FINDR [9] algorithms have
been estimated using a fully constrained abundance estimator
(fully constrained least squares, FCLS) [25]. The unconstrained
abundances obtained by the different versions of the NABO
algorithm are not used in the comparisons. This comparison
has been done in terms of the average spectral angle (SA) [2]
between the real and the extracted endmembers (see Fig. 2),
the abundance RMSE (see Fig. 3), the abundance signal-toreconstruction error (SRE) measured in decibels as defined in
[18] (see Fig. 4), and the execution time (see Fig. 5), which has
also been reported as an important metric in SU [27]–[29]. At
this point, it is important to mention that, for all these cases, the
real number of endmembers have been signaled as an input for
all the algorithms, whereas the abundances have been forced to
be fully constrained. This means that, in all the simulations, the
value of p_init has been preset to 3 and the value of p_end has
been preset to the value of the actual number of endmembers
present in the scene for the three versions of the proposed
NABO algorithm.
From these four figures, the following conclusions can be
extracted.
1) Due to their corresponding preprocessing stages,
NABO_NN and NABO_DR exhibit much better
1 http://speclab.cr.usgs.gov

Fig. 2. Mean SA for synthetic hyperspectral images of a spatial size of 150
× 150 pixels (known p). The results obtained by the NABO_NN algorithm are
hidden by the results obtained by the NABO_DR algorithm since both results
are the same.

Fig. 3. Mean abundance RMSE for synthetic hyperspectral images of a spatial
size of 150 × 150 pixels (known p). The results obtained by the NABO_NN
algorithm are hidden by the results obtained by the NABO_DR algorithm since
both results are the same.

performance than the NABO algorithm in terms of
the accuracy of the extracted endmembers (SA), and
the quality of the abundances (RMSE and SRE), with
independence of the number of endmembers, the noise,
and/or the illumination fluctuations (spectral variability)
present in the hyperspectral scene. Moreover, it is
worth to mention that, for all the cases, NABO_NN
and NABO_DR were able to compute exactly the same
endmembers and abundances given the fact that they used
the same seed in each case.
2) The three proposed algorithms do not generally benefit from a higher degree of exhaustiveness within their
internal search processes, in the sense that fixing the
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Fig. 4. Mean abundance SRE for synthetic hyperspectral images of a spatial
size of 150 × 150 pixels (known p). The results obtained by the NABO_NN
algorithm are hidden by the results obtained by the NABO_DR algorithm since
both results are the same.

Fig. 5. Mean execution time for synthetic hyperspectral images with a spatial
size of 150 × 150 pixels (known p).

value of the exhaustivity_counter to 5 does not imply
always the achievement of more accurate endmembers
and abundances with respect to the situation in which
the value of this counter is set to 1. Furthermore, this
increase in the exhaustiveness of the search process brings
an increase in the computational cost demanded by each
algorithm. In any case, it is worth to mention that this
extra computational effort is much more noticeable in the
NABO and NABO_NN algorithms than in the NABO_DR
algorithm, where in fact the differences between the time
required by the NABO_DR1 and the NABO_DR5 algorithms (see Fig. 5) are almost negligible. Given this fact,
we can consider the algorithm results highly independent
of the exhaustiveness although, as shown in Section IV-C,
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increasing the exhaustivity increases the robustness of the
algorithm against outlier pixels. Furthermore, we consider the algorithm highly independent of the parameters
p_init and p_end as well since the parameters p_init and
p_end can also be set to high conservative values that
does not affect the final result and since these parameters
are considered part of the implementation and not part
of the algorithm itself. The two main reasons why the
authors have not discarded them are: 1) setting p_init to
a conservative low value makes the proposed method less
sensitive to the random seed since the algorithm has more
flexibility to converge to the actual endmembers; and 2)
if the user knows the actual number of endmembers, the
user can set p_end to the actual number of endmembers
and force the algorithm to reach that number instead of
checking the condition exposed in Section II-A.
3) The endmembers and the abundances obtained by the
proposed NABO_DR algorithm (and consequently by the
NABO_NN algorithm) are very similar to the ones obtained by the N-FINDR case (see Figs. 2–4), whereas
NABO_DR exhibits a much lower computational cost (see
Fig. 5).
4) The endmembers and the abundances obtained by the
proposed NABO_DR algorithm (and consequently by the
NABO_NN algorithm) are generally better than the ones
obtained by the VCA case (see Figs. 2–4), although
both approaches exhibit a similar computational cost (see
Fig. 5).
Furthermore, to study the influence of the spatial size of the
image under processing over the performance achieved by our
algorithms, we have run the same simulations but with images
of a spatial size of 250 × 250 pixels. The results, which are
shown in Figs. 6–9, demonstrate that the performance achieved
by our algorithms does not depend of the spatial dimensions
of the image under processing, in the sense that the same four
conclusions as before can be extracted from the analysis of the
data displayed in Figs. 6–9.
At this point, we note a strange behavior of the VCA algorithm for this data set when the noise decreases and when
the number of endmembers is set to 15. The VCA is a datadependent algorithm, and in this particular experiment, it underperformed with regard to other algorithms, although the
algorithm is generally very competitive (as it can be seen in
other experiments reported in this paper with the VCA). The
results reported correspond to an average of 10 VCA runs so
we feel that this result cannot be explained by an occasional
bad run of the algorithm.
Once the ability of the three proposed algorithms for accurately extracting endmembers has been proved, we have
performed a new set of simulations to validate the goodness of
our proposals for fully unmixing a given hyperspectral image,
i.e., estimate its number of endmembers, extract them from
the image, and obtain their respective abundance fractions.
In this sense, Figs. 10–12 show the results obtained by the
three versions of the NABO algorithm when fully unmixing
hyperspectral images composed by 250 × 250 pixels and 224
spectral bands in terms of the estimated number of endmembers
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Fig. 6. Mean SA for synthetic hyperspectral images of a spatial size of 250 ×
250 pixels (known p). The results obtained by the NABO_NN algorithm are
hidden by the results obtained by the NABO_DR algorithm since both results
are the same.

Fig. 8. Mean abundance SRE for synthetic hyperspectral images of a spatial
size of 250 × 250 pixels (known p). The results obtained by the NABO_NN
algorithm are hidden by the results obtained by the NABO_DR algorithm since
both results are the same.

Fig. 7. Mean abundance RMSE for synthetic hyperspectral images of a spatial
size of 250 × 250 pixels (known p). The results obtained by the NABO_NN
algorithm are hidden by the results obtained by the NABO_DR algorithm since
both results are the same.

Fig. 9. Mean execution time for synthetic hyperspectral images of a spatial
size of 250 ×250 pixels (known p).

(see Figs. 10 and 11) and the achieved RMSE (see Fig. 11)
when reconstructing the image. For all the simulations, the
value of p_init has been fixed to 3, whereas for the value
of p_end, it has been established as an overestimated value
equal to the actual number of endmembers plus 20 units. The
results in Figs. 10 and 11 have been compared with the ones
obtained with the state-of-the-art VD (more concretely, the VD
was estimated by the NWHFC eigenthresholding method [20]
using the Neyman–Pearson test with the false-alarm probability
set to 10−3 , 10−4 , and 10−5 , although we only present the
estimations for false alarm set to 10−4 since the differences
between them are negligible) and HySime [22], whereas the
results shown in Fig. 12 have been again compared with the

ones provided by the N-FINDR and the VCA algorithms when
both are preceded by the HySime algorithm and succeeded by
a fully constrained estimation of the abundances. At this point,
it is worth to mention that we have not provided comparisons
in terms of average spectral angles and abundance SREs as
we did in previous simulations to avoid inconsistencies derived
from the fact that the number of endmembers obtained by the
HySime algorithm may differ from the ones obtained by the
different versions of the NABO algorithm.
The results shown in Figs. 10 and 11 reveal that, when
dealing with images with SNR of 40 dBs or above, all the
NABO versions are able to provide very good estimates of
the number of endmembers that constitute the hyperspectral
image under analysis. However, when the SNR goes below
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Fig. 10. Estimation of the number of endmembers for synthetic hyperspectral
images of a spatial size of 250 × 250 pixels. Algorithms HySime, VD,
NABO_NN, and NABO_DR. NABO_NN and NABO_DR methods were applied to each image a total of ten times, considering at each run a different and
randomly selected seed. NABO_NN and NABO_DR obtained exactly the same
results.
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Fig. 12. Mean reconstruction RMSE for synthetic hyperspectral images of
a spatial size of 250 × 250 pixels. The results obtained by the NABO_NN
algorithm are hidden by the results obtained by the NABO_DR algorithm since
both results are the same.

Fig. 13. Mean execution time for synthetic hyperspectral images of a spatial
size of 250 × 250 pixels.
Fig. 11. Estimation of the number of endmembers for synthetic hyperspectral
images of a spatial size of 250 × 250 pixels for algorithm NABO. The method
was applied to each image a total of ten times, considering at each run a
different and randomly selected seed.

40 dBs, the original NABO algorithm provides different and
variable results when compared with the NABO_NN and the
NABO_DR algorithms which, again, are able to provide exactly
the same results in all the cases. In any case, it is important to
highlight that the NABO_DR algorithm (and subsequently the
NABO_NN algorithm) always provides much better estimates
than the VD algorithm and very similar estimates than the ones
provided by the HySime algorithm. It is important to notice that
the noise estimator used by the three different implementations
of NABO is the same estimator used by HySime, which could
explain these similarities. In addition, Fig. 12 demonstrates that
the NABO_DR algorithm obtains lower RMSE values when

compared with a fully constrained hyperspectral unmixing
chain composed by the HySime and VCA algorithms and very
similar values than the ones achieved with the same processing
chain but replacing the VCA by the N-FINDR algorithm. Last
but not the least, it is important to highlight that the unmixing
procedure carried out by the NABO_DR algorithm is much
faster than the one based on the use of the HySime and
N-FINDR algorithms, as demonstrated in Fig. 13. At this point,
it is also fair to mention that the combination of HySime and
VCA algorithms demands a lower computational effort than the
proposed NABO_DR algorithm.
B. Results With Real Hyperspectral Images
The well-known Cuprite mineralogical scene, which has
been widely used to validate the accuracy of hyperspectral

3784

Fig. 14.

Fig. 15.
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Fig. 16.

Mean reconstruction RMSE for the Cuprite scene with p = 14.

Fig. 17.

Mean execution time for the Cuprite scene with p = 14.

False color combination of the Cuprite scene used in experiments.

Mean SA for the Cuprite scene with p = 14.

unmixing algorithms, has been also taken into account in this
paper. This scene was captured by NASA’s AVIRIS sensor over
the Cuprite mining district in Nevada. Concretely, we have
used a 250 × 191-pixel subset available online2 in reflectance
units after atmospheric correction which comprises 224 spectral
bands between 0.4 and 2.5 μm. Prior to the analysis, different
bands have been removed due to water absorption and low
SNR, leaving a total of 192 reflectance channels to be used
in our tests. For illustrative purposes, Fig. 14 shows a false
color combination of the hyperspectral data set used in our
experiments.
Figs. 15–17 show the results obtained for the aforementioned
Cuprite scene when the number of endmembers is preset for all
the versions of the NABO algorithm. In particular, we have set
the total number of endmembers to p = 14 as it is the most
common value found in the state-of-the-art for this particular
portion of the Cuprite scene [5]. The results obtained in terms
of the average spectral angle scores obtained after comparing
2 http://aviris.jpl.nasa.gov/free-data

the USGS library spectra of alunite, buddingtonite, calcite,
kaolinite, and muscovite with the corresponding endmembers
extracted by the different algorithms from the Cuprite scene
(see Fig. 15), the average RMSE obtained after performing the
reconstruction of the image (see Fig. 16), and the execution
time to unmix the targeted Cuprite sub-image (see Fig. 17),
have been represented in the form of boxplots. Since each
algorithm was run several times, boxplots are a convenient way
to present the different results achieved. In these plots, blue
boxes represent the range between the first quartile Q1 and the
third quartile Q3, whereas the red line inside the box represents
the median. Moreover, the interquartile range IQR is defined as
the first quartile subtracted from the third quartile, i.e., IQR =
Q3 − Q1. Thus, every result that falls outside the range [Q1 −
1.5 · IQR, Q3 + 1.5 · IQR] is considered an outlier, and it is
represented as a red cross, whereas the maximum and minimum
results that fall inside the mentioned range are represented
by the so-called whiskers, i.e., the lines extending horizontally from the blue boxes. For illustrative purposes, the error
maps obtained after reconstructing the original hyperspectral
image using the endmembers provided by different algorithms
using p = 14 (in one specific run of the multiple ones that
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Fig. 19.

Estimation of the number of endmembers for the Cuprite scene.

Fig. 18. Error maps obtained after reconstructing the Cuprite scene with p =
14 using the endmembers provided by different algorithms.

were conducted by each algorithm) are provided in Fig. 18
for clarity. These results demonstrate that, in particular, the
proposed NABO_DR algorithm represents a feasible solution
for unmixing a given hyperspectral image, in the sense that it
provides an unmixing performance similar to the solution based
on the use of the N-FINDR algorithm (see Figs. 15 and 16)
but with a computational cost equivalent to a processing chain
based on the utilization of the VCA algorithm (see Fig. 17).
Moreover, we have also tested our algorithms in the situation
where the number of endmembers is unknown a priori. In
this sense, Fig. 19 shows that, when the different versions
of the proposed NABO algorithm are applied to the Cuprite
data set with p_init = 3 and p_end = 25, the median of the
number of endmembers obtained lies always between 13 and
15 endmembers, which is in agreement with the most commonly accepted value for this scene, which is 14 endmembers.
Furthermore, when the results provided by the NABO_DR
algorithm are compared with the ones provided by the NFINDR and the VCA algorithms when both are preceded by
the HySime algorithm and succeeded by a fully constrained
estimation of the abundances, we come again to the conclusion
that this particular version of the proposed algorithm represents
an excellent tradeoff solution in terms of unmixing performance
versus computational cost when compared with these state-ofthe-art approaches, as the data shown in Figs. 20–22 reveals. At
this point, it is important to highlight that the average SAs and
RMSEs obtained by the N-FINDR-based and the VCA-based
unmixing solutions have been obtained assuming that the number of endmembers in the scene equals to 18, which is the result
given by the HySime algorithm. Hence, these two solutions
have bigger chances to extract from the image endmembers
more similar to the five pure signatures already mentioned (alunite, buddingtonite, calcite, kaolinite, and muscovite) as well as
to obtain much better reconstructed images, which play against

Fig. 20. Mean SA for the Cuprite scene. Results obtained by NABO_NN1 and
NABO_NN5 are the same than NABO_DR1 and NABO_DR5, respectively.
The number of endmembers for VCA and NFINDR is p = 18 (HySime). The
different NABO versions estimate the number of endmembers in the range p =
[12, 16].

our proposals. Nonetheless, and even under this unfavorable
scenario, the NABO_DR algorithm (particularly in its more
exhaustive version) is able to achieve very competitive levels
in terms of endmember extraction accuracy and reconstruction
ability as it is demonstrated in the scatter plot shown in Fig. 23.
C. Comparison of the Proposed NABO Method Against
Xu et al.’s Method [30]
Here, we present the comparison between NABO_DR with
different values for the exhaustivity_counter and our implementation of the method proposed in [30] with different
tolerances. In this comparison, we want to illustrate that NABO
has low sensitivity to outliers, highlighting the relevance of the
proposed NABO global objective function. We would like to remark that the method proposed in [30] allows the use of spatial
information to address the presence of outliers. However, injecting spatial information in [30] would mask our purpose.
The comparison is made using artificial hyperspectral images
with and without outliers. The artificial hyperspectral images
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Fig. 21. Mean reconstruction RMSE for the Cuprite scene. Results obtained by NABO_NN1 and NABO_NN5 are the same than NABO_DR1 and
NABO_DR5, respectively. The number of endmembers for VCA and NFINDR
is p = 18 (HySime). The different NABO versions estimate the number of
endmembers in the range p = [12, 16].

Fig. 22. Mean execution time for the Cuprite scene. The number of endmembers for VCA and NFINDR is p = 18 (HySime). The different NABO versions
estimate the number of endmembers in the range p = [12, 16].

were generated with the demo_vca software tool available from
[5]. We generate 50 different images of 150 × 150 pixels size
and 224 spectral bands, considering ten endmembers and a SNR
of 30 dBs without illumination fluctuations (spectral variability). In the experiment with outliers, we introduced 200 outliers
(0.89% of the total number of pixels). These outliers consist
of random vectors obtained from a uniform distribution in the
range [0, 0.5]. In all the cases, we considered that the number
of endmembers searched by the algorithms is known a priori
since [30] does not estimate the number of endmembers, i.e.,
in these experiments, NABO_DR is not estimating the number
of endmembers. Furthermore, all the methods used a different
random seed for all the images. The exhaustivity_counter
values for NABO_DR algorithm are set to 1, 5, 20, and 100,
and the tolerances for [30] are set to 0.01 and 0.001.
Figs. 24–26 show the results obtained for the case without
outliers. In Fig. 24, we show the average SA between the
induced endmembers and the actual ones. All the methods

Fig. 23. Scatter plot: RMSE versus SA for the Cuprite scene. Results obtained by NABO_NN1 and NABO_NN5 are the same than NABO_DR1 and
NABO_DR5, respectively. The number of endmembers for VCA and NFINDR
is p = 18 (HySime). The different NABO versions estimate the number of
endmembers in the range p = [12, 16].

Fig. 24. Mean SA for synthetic hyperspectral images of a spatial size of
150 × 150 pixels, known p = 10, SNR = 30 dBs without outliers.

obtained similar results, although the results obtained in [30]
with both tolerances are slightly better. However, in Fig. 25,
we show that the RMSE of the FCLS abundances is lower for
the proposed methods in comparison with our implementation
of [30] when no spatial information is taken into account. In
general, the higher the exhaustiveness of the proposed method,
the lower the RMSE. Regarding the execution time, in Fig. 26,
we show the time needed by the different methods. The method
in [30] exhibits the fastest executions, independently of the
tolerance value, although the differences with NABO_DR1 and
NABO_DR5 are negligible. As expected, for the NABO_DR
methods, the higher the exhaustivity_counter, the higher the
execution time.
Figs. 27–29 show the results obtained for the case with outliers. In Fig. 27, we show the average SA between the induced
endmembers and the true ones. In this case, the NABO_DR
method exhibits better results than the ones in [30]. The same
trend is shown in Fig. 28 for the abundance RMSE. Hence, it
is worth noting that NABO_DR is more robust against outliers
than the method in [30] when spatial information is not injected.
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Fig. 25. Mean abundance RMSE for synthetic hyperspectral images of a
spatial size of 150 × 150 pixels, known p = 10, SNR = 30 dB without
outliers.

Fig. 26. Execution time for synthetic hyperspectral images of a spatial size of
150 × 150 pixels, known p = 10, SNR = 30 dBs without outliers.

In this case, the higher the exhaustivity_counter, the higher
the robustness to outliers. This demonstrates the utility of this
parameter and the validity of the global objective function.
Finally, Fig. 29 shows a similar execution time trend than
the one reported for the case without outliers, except for the
fact that the execution times are lower. Hence, the higher
the exhaustivity_counter, the higher the robustness of the
algorithm, at the cost of increasing computational time.
V. D ISCUSSION
Up to this point, we have studied the algorithmic aspects of
NABO, showing how the different algorithm variants behave
in terms of the different parameters, i.e., p_init, p_end, and
exhaustivity_counter. In the following, we provide guidelines
on the implementation aspects of the different NABO variants.
First of all, given the results shown in Section IV, NABO_DR
is the best algorithm variant from all viewpoints since it exhibits the best performance in terms of the accuracy of the
extracted endmembers and the quality of the abundances and
its associated computational cost. However, the implementation
complexity of NABO_DR is higher than the implementation of
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Fig. 27. Mean SA for synthetic hyperspectral images of a spatial size of
150×150 pixels, known p = 10, SNR = 30 dBs dBs with outliers (0.89% of
the total number of pixels).

Fig. 28. Mean abundance RMSE for synthetic hyperspectral images of a
spatial size of 150 × 150 pixels, known p = 10, SNR = 30 dBs with outliers
(0.89% of the total number of pixels).

NABO due to the need of NABO_DR to extract the principal
components of the image and the need to redefine the image in
terms of these principal components every time the number of
endmembers is increased.
Second, we further describe some aspects to bear in mind
when setting the different parameters. Regarding p_init,
we recommend to set it to a low value, i.e., p_init = 3. A
low value makes the method less sensitive to the random
seed since the method will have more flexibility to exchange
the considered endmembers in the first steps. With respect
to p_end, if the number of endmembers in the image
is known, p_end should be set to the actual number of
endmembers, forcing the algorithm to reach that number
instead of checking the condition exposed in Section II-A.
Otherwise, we recommend using a conservative value since
the algorithm eventually stops close to the actual number of
endmembers. However, p_end defines the number of principal
components extracted in the preprocessing; therefore, a value
that is set too high could have some impact in computational
cost and in the amount of memory required depending on
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Fig. 29. Execution time for synthetic hyperspectral images of a spatial size of
150 × 150 pixels, known p = 10, SNR = 30 dBs dBs with outliers (0.89% of
the total number of pixels).

the platform in which is implemented. Finally, regarding
exhaustivity_counter, we have shown that the higher the
exhaustivity_counter, the higher the robustness of the
method, particularly when dealing with outliers. Nevertheless,
increasing the exhaustiveness of the search process brings an
increase in the computational cost demanded by the method.
Hence, we recommend setting this value to one by default
(optimal computational cost). However, in some cases, it
is worth increasing this value. For instance, when there are
outliers in the image, increasing the exhaustivity_counter
improves the robustness of the NABO algorithm.
Moreover, when handling small sized images, the benefit of the
robustness given by a higher value of the exhaustivity_counter
could overcome the impact in the computational cost, which
depends on the size of the image.
VI. C ONCLUSION AND F UTURE L INES OF R ESEARCH
In this paper, we have developed a new NABO algorithm for
SU of hyperspectral scenes under the LMM assumption. The
algorithm assumes the presence of pure pixels in the scene and
provides solutions that are competitive with regards to those
offered by other state-of-the-art algorithms in terms of both
unmixing accuracy and computational performance. One of the
main features of the algorithm is that it provides a full SU
chain covering the three main steps involved in hyperspectral
unmixing. First, it provides a simple mechanism for estimating
the number of endmembers in the scene, which is also feasible
for other algorithms. This mechanism is highly effective and
reliable for estimating the number of endmembers. Then, it
uses the negative abundances obtained in abundance estimation
as a criterion to identify the endmember signatures with high
precision, thus providing not only the endmember signatures
but also their abundances, as opposed to many other algorithms,
which are more specific. The algorithm can also be easily
adapted to a scenario in which the number of endmembers
is known in advance, and two additional variations of the
algorithm have been presented to deal with high-noise scenarios
and to significantly reduce its execution time.

As with any new approach, there are still some unresolved
issues that may present challenges over time. For instance, the
noise estimation part can be further developed since it is an
important issue regarding the quality of the estimation of the
number of endmembers. Some ideas have already emerged,
such as estimating the noise from the unused components of
the PCA preprocessing which would be consistent with the
algorithm if feasible. In addition, the energy objective function
that the algorithm minimizes is currently based on spectral
information alone, although the inclusion of spatial information
could provide additional advantages in future developments of
the method. The adaptation of the method to scenarios without
the pure pixel assumption is also a relevant future direction,
as well as the development of additional comparisons with SU
algorithms, particularly those under the minimum volume and
sparse regression regimes. Although our algorithm represents,
to the best of our knowledge, the first solution that covers
the three main steps in SU, additional comparisons of each of
these steps to other methods should also be conducted in future
developments.
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